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Statistical Mechanics of Cracks: Thermodynamic Limit, Fluctuations, Breakdown,
and Asymptotics of Elastic Theory.
Alex Buchel, James P. Sethna
Laboratory of Atomic and Solid State Physics,
Cornell University, Ithaca, NY, 14853-2501
We study a class of models for brittle fracture: elastic theory models which allow for cracks but not
for plastic flow. We show that these models exhibit, at all finite temperatures, a transition to fracture
under applied load similar to that at a first order liquid-gas transition. We study this transition
at low temperature for small tension. We discuss the appropriate thermodynamic limit of these
theories: a large class of boundary conditions is identified for which the energy release for a crack
becomes independent of the macroscopic shape of the material. Using the complex variable method
in a two-dimensional elastic theory, we prove that the energy release in an isotropically stretched
material due to the creation of an arbitrary curvy cut is the same to cubic order as the energy release
for the straight cut with the same end points. We find the normal modes and the energy spectrum
for crack shape fluctuations and for crack surface phonons, under a uniform isotropic tension. For
small uniform isotropic tension in two dimensions we calculate the essential singularity associated
with fracturing the material in a saddle point approximation including quadratic fluctuations. This
singularity determines the lifetime of the material (half-life for fracture), and also determines the
asymptotic divergence of the high-order corrections to the zero temperature elastic coefficients. We
calculate the asymptotic ratio of the high-order elastic coefficients of the inverse bulk modulus and
argue that the result is unchanged by nonlinearities — the ratio of the high-order nonlinear terms
are determined solely by the linear theory.
PACS numbers: 03.40.Dz, 46.30.Nz, 62.20.Dc, 62.20.Mk, 64.60.Qb, 82.60.Nh
I. INTRODUCTION
Early in the theory of fracture, Griffith [1] used Inglis’
stress analysis [2] of an elliptical flaw in a linear elas-
tic material to predict the critical stress under which a
crack irreversibly grows, causing the material to fracture.
Conversely, for a stressed solid the Griffith criterion de-
termines the crack nucleation barrier: if the material has
micro-cracks due to disorder or (less commonly) thermal
fluctuations, how long does a micro-crack have to be to
cause failure under a given load? In a sense, a solid un-
der stretching is similar to a supercooled gas: the point
of zero external stress plays the role of the liquid-gas con-
densation point. Fisher’s [3] theory of the condensation
point predicts that the free energy of the system develops
an essential singularity at the transition point. In this
paper we develop a framework for the field-theoretical
calculations of the thermodynamics of linear elastic the-
ory with cracks (voids) that naturally incorporates the
quadratic fluctuations, and we calculate the analogue of
Fisher’s essential singularity. As it is well known, the
imaginary part of this essential singularity can be used
to give the lifetime to fracture: what is the rate per unit
volume of a micro-crack fluctuations large enough to nu-
cleate failure?
There is much work on thermal fluctuations leading to
failure at rather high tensions, near the threshold for in-
stability (the spinodal point) [4]; there is also work on
the role of disorder in nucleating cracks at low tensions
[5]. We are primary interested in the thermal statistical
mechanics of cracks under small tension. We must ad-
mit and emphasize that, practically speaking, there are
no thermal crack fluctuations under small tension — our
calculations are of no practical significance. Why are we
studying thermal cracks in this formal limit? First, for
sufficiently small tension, the bulk of the material (ex-
cluding regions near the crack tips) obeys linear elastic
theory, thus making analytical analysis of the fracture
thermodynamics tractable. Second, the real part of our
essential singularity implies that nonlinear elastic theory
is not convergent! Just as in quantum electrodynamics
[6] and other field theories [7], for all finite temperatures,
nonlinear elastic theory is an asymptotic expansion, with
zero radius of convergence at zero pressure. We will cal-
culate the high-order terms in the perturbation expansion
governing the response of a system to infinitesimal ten-
sion. We find it intriguing that Hook’s law is actually a
first term in the asymptotic series.
The paper is organized as follows. In the next section,
following methods known in the crack community [8]—
[11], we carefully examine the thermodynamic limit of an
equilibrium linear elastic theory with voids. We consider
a crack as a special case of a void. We specify the class of
boundary conditions which insure that the energy release
is independent of the shape of the material boundary
at infinity and independent of the prescribed boundary
conditions. This is extremely important for the inves-
tigation of the singular structure of the free energy, for
the latter can develop singularities only in the thermody-
namic limit [12]. Using the complex variable method in
a two-dimensional elastic theory, we calculate the energy
release of an arbitrary curvy crack to quadratic order
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in kink angles in section III. In section IV we find the
spectrum and the normal modes of the boundary fluc-
tuations (surface phonons) of a straight cut under uni-
form isotropic tension at infinity. Section V is devoted to
the calculation of the imaginary part of the free energy.
The calculation of the contribution of thermal fluctua-
tions depends on the “molecular structure” of our mate-
rial at short length scales — in field theory language, it
is regularization dependent. We calculate the imaginary
part of the free energy both for ζ-function and a particu-
lar lattice regularization, and determine the temperature
dependent renormalization of the surface tension. Earlier
we showed [13] that the thermal instability of an elastic
material with respect to fracture results in non-analytical
behavior of the elastic constants (e.g. the bulk modulus)
at zero applied stress. In section VI we extend the cal-
culation [13] of the high order expansion of the inverse
bulk modulus by including quadratic fluctuations. We
show there that the asymptotic ratio of the high order
elastic coefficients, written in terms of the renormalized
surface tension, is independent of regularization (for the
cases we have studied), and we argue also that they are
independent of nonlinear effects near the crack tips. (The
asymptotic nonlinear coefficients depend only on the lin-
ear elastic moduli.) In section VII we perform the sim-
plified calculation (without fluctuations) in several more
general contexts: anisotropic strain (nonlinear Young’s
modulus), cluster nucleation and dislocation nucleation,
and three-dimensional brittle fracture. We also discuss
the effects of vapor pressure — nonperturbative effects
when bits detach from the crack! Finally, we summarize
our results in section VIII.
II. THE THERMODYNAMIC LIMIT OF THE
ENERGY RELEASE
Elastic materials under a stretching load can relieve
deformation energy through the formation of cracks and
voids. The famous Griffith criteria [1] for a crack prop-
agation is based on the balance between the energy re-
lease and the increase in the material surface energy due
to extending the crack. For a finite size system the en-
ergy release is a well defined quantity that depends on
the shape of the material boundary. The situation be-
comes more subtle in case of an infinite elastic media. In
principle one can calculate the energy release analyzing
stress fields near the crack tips and thus avoid the neces-
sity of worrying about infinite-sized media. This method,
developed by Irvin in the 1950s, is known as the stress
intensity approach [14]. Despite its enormous practical
importance in numerical calculations, it is usually of little
help in analytical calculations. To apply the stress inten-
sity factor approach, one has to be able to compute the
stresses near the crack tips, which is possible only in sev-
eral simple cases. (The extension of the Irvin’s method
though the use of the path independent J-integral [15],
for example, is applicable only for cracks with flat sur-
faces.) Alternatively, the energy release can be calculated
considering the system as a whole. In this approach, to
compute the energy release one has to evaluate the work
done by external forces and the change in the energy
of elastic deformation. The change in the energy of the
elastic deformation involves the difference between two
infinitely large quantities for an infinite material; the lat-
ter thus requires some sort of infinite-volume limit. In
this section we discuss the energy release due to the re-
laxation of the boundaries of a finite number of voids
(cracks) in the limit of an infinitely large stressed mate-
rial. The methods of this section will be used again later
in the paper.
We focus on the energy release calculation for a void
formed in an infinite two-dimensional elastic material.
The result is then extended to the case of a finite num-
ber of voids (remember that a crack can be considered as
a degenerate void) and for the energy of void formation in
a three dimensional elastic material. The energy release
for a finite size system with a crack has been calculated
by Bueckner [8] and later generalized by Rice [9] for void
formation. Their analysis allow for a large class of bound-
ary conditions, mixing regions of fixed displacements and
fixed stresses at the perimeter. In what follows we will
use a slight modification of Bueckner’s argument.
L
O UOσ
Γh
FIG. 1. To calculate the energy release in the thermody-
namic limit we specify displacements along OU and stresses
along Oσ.
We define the energy release due to the formation of
a void in an infinite material as the energy in a previ-
ously stretched material, released by cutting out a hole
in it and letting the hole boundary relax the stress: the
deformation energy of the discarded piece is excluded.
Let’s consider an infinite linear elastic material subject
to stress fields σ∞xx, σ
∞
yy and σ
∞
xy at infinity. We want to
calculate the energy release Erelease due to cutting out a
hole with boundary Γh. We assume that the hole bound-
ary is stress free and non self-intersecting as a result of the
stress relaxation. Γb denotes a regularization boundary
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with a characteristic size L. Before the void formation,
displacements along Γb are ~U
b
1 = (u
b
1, v
b
1), while those
along the prospective void contour Γh correspondingly
~Uh1 = (u
h
1 , v
h
1 ). Let Oσ and OU be nonintersecting parts
of Γb, such that Oσ ∪ OU = Γb. Along Oσ we fix the
stresses σ∞xx, σ
∞
yy and σ
∞
xy as a function of position; along
OU we fix the displacements to be ~U
b
1 (Figure 1). In anal-
ogy to the usage in field theory, each choice of boundary
conditions Oσ, σ
∞, OU , U
b
1 we call a regularization. For
a fixed L we calculate the energy release ELrelease. The
thermodynamic limit of the energy release is then given
by
Erelease = lim
L→∞
ELrelease. (1)
Physically the described regularization means that we
compute first the energy release due to the formation of
the void Γh in a finite size material with the boundary
Γb, and then push the outer (regularization) boundary to
infinity. We will show that defined as above, Erelease is
independent of a particular choice of Oσ and OU , even if
they are themselves functions of L. The boundary condi-
tion with Oσ = Γb is known as a “fixed tension boundary
condition”, while that with OU = Γb is referred to as a
“fixed grip boundary condition”.
Let’s first consider a straight cut. As shown by explicit
calculation [10], the “fixed tension” and the “fixed grip”
boundary conditions for the special case of a straight cut
of length ℓ opened by a uniform isotropic tension T , give
the same energy release
Erelease =
πT 2ℓ2(χ+ 1)
32µ
=
πT 2ℓ2
4Y
. (2)
The material elastic constants µ and χ can be expressed
through its Young’s modulus Y and Poisson ratio σ as
follows
µ =
Y
2(1 + σ)
(3)
χ =
3− σ
1 + σ
.
(The given value for χ corresponds to a plain stress in
a three dimensional elastic theory; for a plain strain one
should use χ = 3−4σ.) Note that (2) coincides with Grif-
fith’s result. This result is not trivial! If one calculates
the energy change in a region Γb embedded in an infinite
medium (i.e., neither fixing the displacements nor allow-
ing them to relax at fixed stress), the energy release does
depend on the shape of the boundary. The relaxations at
the boundary scale like 1/L: even as L→∞, integrated
over the perimeter they must be included for a sensible
thermodynamic limit.
For a general void, the energy release is a sum of the
work performed by the external (We) and the internal
(Wi) forces as a result of the void formation
ELrelease =We +Wi. (4)
Let e
(1)
ij , σ
(1)
ij be the strain and stress fields of the first
state before the cut is made and e
(2)
ij , σ
(2)
ij define the
fields of the second state with the void; finally displace-
ments along Oσ for the second state are ~U
b
2 = (u
b
2, v
b
2)
and displacements along the void boundary Γh are given
by ~Uh2 = (u
h
2 , v
h
2 ). As the void boundary relaxes, the
external forces do work
We =
∫
Oσ
~Fn(~U
b
2 − ~U b1)dℓ1 (5)
where ~Fn = (Fnx , Fny ) is the traction along Oσ defined
through the asymptotic stress fields
Fnx = σ
∞
xxnx + σ
∞
xyny (6)
Fny = σ
∞
xynx + σ
∞
yyny
with (nx, ny) being the outwards normal to Oσ. The
work done by the internal forces is the change in the en-
ergy of the elastic deformation of the first and the second
states
Wi =
1
2
∫ ∫
A
σ
(1)
ij e
(1)
ij dA−
1
2
∫ ∫
A
σ
(2)
ij e
(2)
ij dA. (7)
The integration in (7) is performed over the area A of
the material excluding the void; the summation over re-
peating indexes is assumed. As a consequence of Hook’s
law, ∫ ∫
A
σ
(1)
ij e
(2)
ij dA =
∫ ∫
A
σ
(2)
ij e
(1)
ij dA (8)
so we can rewrite (7) as
Wi =
1
2
∫ ∫
A
(σ
(1)
ij + σ
(2)
ij )(e
(1)
ij − e(2)ij )dA. (9)
Let’s introduce a plus state specified by the stresses
σ+ij = σ
(1)
ij + σ
(2)
ij and a minus state defined by the strain
fields e−ij = e
(1)
ij − e(2)ij . Then the work of the internal
forces (9) is a mixed energy of the plus and the minus
states. According to Betti’s theorem [16], the mixed en-
ergy equals one half the work done by the stresses of one
state over the displacements of the other, no matter from
what state the stresses or displacements are taken. With
the stresses from the plus state and the displacements
from the minus state we obtain
Wi =
1
2
∫
Oσ
~F+n
~U−b dℓ1 +
1
2
∮
Γh
~F+h
~U−h dℓh (10)
=
1
2
∫
Oσ
(~Fn + ~Fn)(~U
b
1 − ~U b2)dℓ1
+
1
2
∮
Γh
(~Fh + ~0)(~U
h
1 − ~Uh2 )dℓh
=
∫
Oσ
~Fn(~U
b
1 − ~U b2)dℓ1 +
1
2
∮
Γh
~Fh(~U
h
1 − ~Uh2 )dℓh
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where a traction of the first state ~Fh is defined as in (6)
through the stresses of the first state along Γh. From (4),
(5) and (10) we find the regularized energy release [8], [9]
ELrelease =
1
2
∮
Γh
~Fh(~U
h
1 − ~Uh2 )dℓh. (11)
The thermodynamic limit (1) is then taken by simply
replacing ~Uh2 with its value
~Uh∞ = lim
L→∞
~Uh2 (12)
for the infinite media. One can check (using for ex-
ample the complex variable method described below)
that the difference between two can at most be of order
O(1/L), thus according to (11) and (1) not contributing
to Erelease. So we conclude that
Erelease =
1
2
∮
Γh
~Fh(~U
h
1 − ~Uh∞)dℓh. (13)
Thus the total energy release is half the work done at the
cut boundary. The above result is explicitly independent
of a particular regularization from the discussed class as
well as of the shape of the regularization contour Γb. It
has a straightforward extension for a finite number of
voids in a media. For a media with n holes with contours
{Γhi}, (13) generalizes to
Erelease =
1
2
n∑
i=1
∮
Γhi
~Fhi(~U
hi
1 − ~Uhi∞ )dℓhi . (14)
The same class of regularizations gives well defined ther-
modynamic limit in a three dimensional case as well. The
arguments are practically the same resulting in the en-
ergy release (13) with the only change in the use of sur-
face integrals rather than the contour ones for the regu-
larization and void boundaries.
In order to use (13) one has to know displacements
along the void contour for the second state. For all but
several simple cases this is a very complicated problem
to approach analytically: at best, one can hope to get an
asymptotic behavior of the displacement and stress fields.
So for practical purposes we have to find an asymptotic
analog of the above expression that would allow the cal-
culation of the energy release from the asymptotic behav-
ior of the displacement fields. To do this, it is convenient
to specify the stresses at infinity — the regularization
with OU = ∅ and Oσ = Γb. As we have already shown,
this does not restrict the applicability of the result. To
get the asymptotic expression for the energy release we
first note that elastic states one and two are each in equi-
librium, so from Clapeyron’s theorem [16]
1
2
∫ ∫
A
σ
(1)
ij e
(1)
ij dA =
1
2
∮
Γb
~Fn ~U
b
1dℓb +
1
2
∮
Γh
~Fh~U
h
1 dℓh
1
2
∫ ∫
A
σ
(2)
ij e
(2)
ij dA =
1
2
∮
Γb
~Fn ~U
b
2dℓb. (15)
Which, following (4), (5) and (7) gives
ELrelease =
1
2
∮
Γb
~Fn~U
b
2dℓb −
1
2
∮
Γb
~Fn ~U
b
1dℓb
+
1
2
∮
Γh
~Fh ~U
h
1 dℓh. (16)
Next, we break ~U b2 into two pieces: displacements of the
second elastic state for the infinite media along Γb, ~U
b
f ,
and the boundary relaxation displacements, ~U br ,
~U b2 = ~U
b
f + ~U
b
r . (17)
The boundary relaxation displacements comes from relax-
ing the the stresses along Γb for the infinite material to
comply with the thermodynamic limit prescription: the
“fixed tension boundary condition”. For the energy re-
lease calculation it is sufficient to relax the stresses to
O(1/L3) — the stresses of order O(1/L3) generate the
relaxation displacements along Γb of order O(1/L
2) and
thus do not contribute to the energy release in the limit
L→∞. So, from (1), (16) and (17)
Erelease = lim
L→∞
{
1
2
∮
Γb
~Fn(~U
b
f + ~U
b
r )dℓb −
1
2
∮
Γb
~Fn ~U
b
1dℓb
+
1
2
∮
Γh
~Fh~U
h
1 dℓh
}
. (18)
This is the desired expression. One can see that (18) is
nothing but the difference between the regularized elastic
deformation energy of the infinite media with the void
(the first integral) and the elastic energy stored in the
same media before the formation of void, not accounting
for the elastic energy of the void itself (the remaining
two integrals). Although the asymptotic expression for
the energy release may look more complicated than (13)
and actually requires solving of two elastic problems, its
use is justified because it is difficult to find displacements
of the second state along the void contour.
III. ENERGY RELEASE OF “SLIGHTLY”
CURVY CUTS
Armed with the knowledge that the energy release is
independent of the shape of the regularization boundary,
we now turn to the calculation of the energy release due
to the opening of a “slightly” curvy cut Γh in a two di-
mensional isotropic linear elastic infinite media subject
to a uniform isotropic tension T at infinity. We find an
amazingly simple answer: the energy release of a curvy
cut coincides to cubic order with the energy release of
the straight cut with the same end points.
An elastic state is completely defined once displace-
ments (u, v) are known everywhere. Rather than consid-
ering these two functions, Muskhelishvili [17] introduces
two complex functions φ(z) and ψ(z) that in equilibrium
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should be the functions of only one complex variable z
(i.e. do not depend z). Moreover in our case (a uniform
isotropic tension at infinity) φ(z) decomposes as
φ(z) =
1
2
Tz + φ0(z) (19)
The functions φ0(z) and ψ(z) are holomorphic in the
complex z plane including infinity but excluding the cut
contour. This description associates the components of
stress (σxx, σyy, σxy) and displacement (u, v) to (φ, ψ) by
the following relations
σxx + σyy = 2(φ
′(z) + φ′(z)) (20)
σyy − σxx + 2iσxy = 2(zφ′′(z) + ψ′(x))
2µ(u+ iv) = χφ(z)− zφ′(z)− ψ(z)
(The detailed discussion of the change of “variables”
(u, v)→ (φ, ψ) along with the derivation of (19)-(20) can
be found in [17].) Using a circular regularization contour
(Γb is a circle of radius L) and an expression analogous to
(18), Sih and Liebowitz [11] explicitly computed stresses
along the outer boundary Γb and found the energy release
Erelease = −πT
4µ
(1 + χ)Re[y1] (21)
with y1 being the residue of ψ(z) at infinity (the 1/z
coefficient in the expansion about z =∞). Of course, to
determine y1 we still need to solve the asymptotics of the
elasticity problem.
To illustrate the correspondence between the energy
release of a curvy cut and the straight one with the same
end points, let’s consider a rare example where it is pos-
sible to find an exact analytical solution. Suppose a ma-
terial with a “smile” cut - an arc of a circle ABC - of total
arc length ℓ (Figure 2) is subject to a uniform isotropic
stretching T at infinity. Expanding the exact answer in
[17] about z =∞, we find
ψABC(z) = −T ℓ
2
8z
8 sin2 θ/2
θ2(3− cos θ) +O
(
1
z2
)
(22)
which according to (21) gives the energy release EABC
EABC =
πT 2ℓ2
32µ
(1 + χ)
8 sin2 θ/2
θ2(3− cos θ) . (23)
On the other hand, for a straight cut AC of length
(ℓ/θ) sin θ, the holomorphic function ψAC(z) has asymp-
totic behavior [17]
ψAC(z) = −T ℓ
2
8z
sin2 θ
θ2
+O
(
1
z2
)
(24)
resulting in the energy release EAC
EAC =
πT 2ℓ2
32µ
(1 + χ)
sin2 θ
θ2
. (25)
For small θ we find from (23) and (25) the advertised
result: the energy release of ABC coincides with that of
AC to cubic order in θ, but not to quartic order!
EABC =
πT 2ℓ2
32µ
(1 + χ)
(
1− θ
2
3
+
77θ4
720
+O(θ6)
)
(26)
EAC =
πT 2ℓ2
32µ
(1 + χ)
(
1− θ
2
3
+
2θ4
45
+O(θ6)
)
.
A
B
C
l
θ
X
Y
0
Z
FIG. 2. The “smile”-like cut ABC and the straight cut AC
result in the same energy release to cubic order in θ.
We proceed now with the general proof. First, an ar-
bitrary cut is approximated by a finite number of line
segments, parameterized by the kink angles αi — the
angles between consecutive kinks. The exact shape of
the cut is then restored as the length of each link goes to
zero (as their number goes to infinity). The energy re-
lease is evaluated to cubic order in the kink angles, e.g for
the n - kink regularization, the energy release En({αi})
for a curvy cut with a fixed separation ℓp between the
endpoints is approximated as
En({αi}) = E(0) +
n∑
i=1
E
(1)
i αi +
n∑
i=1
n∑
j=1
E
(2)
ij αiαj
+
n∑
i=1
n∑
j=1
n∑
m=1
E
(3)
ijmαiαjαm + O(α
4
i ) (27)
where E0 is the energy release for a straight cut of length
ℓp and the coefficients E
(1)
i , E
(2)
ij and E
(3)
ijm depend only
on the positions of the kinks along the cut. We claim
that all coefficients up to cubic order are zero, and thus
the energy of a curvy cut and the straight one with the
same endpoints can differ only at O(α4i ).
That E
(1)
i and E
(3)
ijm (in fact, all terms odd in the kink
angles) are zero follows from a symmetry argument: cuts
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(having the same number of segments with the corre-
sponding segments being of the same length) with kink
angles {αi} and {−αi} respectively, are mirror images to
each other with respect to the first link. The boundary
condition for our problem (a uniform tension at infinity)
is reflection invariant, so
En({αi}) = En({−αi}) (28)
which requires that all energy release terms odd in the
kink angles vanish. To calculate E
(2)
ij for a given pair of
indexes we can put all kink angles to zero except for αi
and αj , reducing the n-kink problem to a two-kink one.
From now on we will consider only the two-kink problem
to quadratic order in the kink angles.
Z
C
B
A
Y
X0/B C / D
β
α 2
α1
l p k 1
l p ( k 1)
l p
k 2 -
FIG. 3. The two-kink cut ABCD can be considered as a
deformation of a straight cut AD.
We choose the coordinate system XY in the complex
z plane in such a way that the ends of the two-kink cut
are on the X axis, symmetric with respect to the Y axis
(Figure 3). Assuming a uniform isotropic tension T at
infinity we rewrite (21), explicitly indicating the depen-
dence of the energy release on the kink angles
E2(α1, α2) = −πT
4µ
(1 + χ)Re[y1(α1, α2)] (29)
where y1(α1, α2) is 1/z coefficient in the expansion of
the function ψ(z) at infinity. As discussed earlier in the
section, ψ(z) is a holomorphic function in the complex z
plane including infinity (the extended complex plane) but
excluding the two-kink cut. The other function φ(z) that
is necessary for the specification of the equilibrium elastic
state satisfies (19) with φ0(z) holomorphic in the same
region as ψ(z). The analytical functions φ(z) and ψ(z)
must provide a stress free cut boundary, which following
[17] can be expressed as
if(φ, ψ) =
[
φ(z) + zφ′(z) + ψ(z)
]∣∣∣∣∣
X
W
= 0 (30)
where f = Fx + iFy is the complex analog of the force
acting on the portion of the cut boundary between points
W and X .
It is important to note that any two pairs of functions
(φ10(z), ψ
1(z)) and (φ20(z), ψ
2(z)) that are holomorphic in
the extended z plane excluding the same curvy cut, and
which provide the stress free cut boundaries to O(α3)
(30), can differ only by O(α3) everywhere:
δφ(z) = φ10(z)− φ20(z) = O(α3) (31)
δψ(z) = ψ1(z)− ψ2(z) = O(α3).
This follows explicitly from Cauchy’s theorem, but also
follows from the elastic theory. Each pair (φ10(z) +
Tz/2, ψ1(z)) or (φ20(z)+Tz/2, ψ
2(z)) defines the equilib-
rium elastic state with stresses of order O(α3) along the
cut boundary and uniform isotropic stretching T at in-
finity. So, (δφ(z), δψ(z)) corresponds to the equilibrium
state with the specified stresses of order O(α3) along the
cut boundary and zero tension at infinity. Thus (31)
follows because the response to this force within linear
elastic theory must be linear. The above argument guar-
antees that once we find φ0(z) and ψ(z) that satisfy the
discussed constraints to O(α3), we can use them to cal-
culate the energy release of the curvy cut to quadratic
order.
Let functions φs(z) and ψs(z) define the equilibrium
elastic state of a material with a straight cut AD subject
to a uniform tension T at infinity. φs0(z) = φ
s(z)− Tz/2
and ψs(z) should then be holomorphic in the extended
complex z plane excluding the straight cut and should
provide stress free boundaries along AD. Muskhelishvili
finds [17]
dφs(z)
dz
=
T
2
z√
z2 − ℓp2/4
(32)
dψs(z)
dz
=
T
8
zℓp
2
(z2 − ℓp2/4)
√
z2 − ℓp2/4
.
(To obtain φs(z) and ψs(z) we integrate (32); the arbi-
trariness in the integration constants reflect the ambi-
guity in the displacements up to a rigid motion of the
material as a whole.) Note that φs0(z) and ψ
s(z) can be
“made” holomorphic everywhere in the complex z plane
excluding the two-kink cut ABCD, and thus can serve
as a good starting point for the construction of φ0(z)
and ψ(z). The process of an analytical continuation is
demonstrated by Figure 4. φs0(z) (or equivalently ψ
s(z))
is holomorphic in the z plane excluding the straight cut
AD (4a). Removing the region ABCDA (4b), we make
it holomorphic in the complex plane excluding ABCDA.
Now we analytically continue φs0(z) from the link AD (4c)
into the removed region (the continuation is possible ex-
plicitly using (32)). The obtained function becomes holo-
morphic everywhere in the complex z plane excluding the
two-kink cut ABCD (4d), moreover the original function
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and the one obtained through the analytical continuation
coincide outside ABCDA.
(a) (b)
(d) (c)
A 0 D
X
C
B
Y Z Y
A
B
C
Z
D
X
0
A 0 D
X
Z
CB
Y
X
D0A
B
Y
C
Z
FIG. 4. Functions φs0(z) and ψ
s(z) holomorphic in the com-
plex z plane excluding the straight cut AD (a), can be “made”
holomorphic in the complex z plane excluding the two-kink
cut ABCD (d).
The idea of construction the holomorphic functions
φ0(z) and ψ(z) is simple: we start with the functions
φs0(z) and ψ
s(z) and calculate to quadratic order the
stresses along the two-kink cut boundary ABCD un-
der the analytical continuation as described by Figure
4. The stresses along the curvy cut boundary (Figure
5) are then compensated up to quadratic order in the
kink angles by introducing counter-forces along the orig-
inal (straight) cut, leading to corrected functions δφc(z)
and δψc(z), where φ(z) = φs(z) + δφc(z) + O(α3) and
ψ(z) = ψs(z)+δψc(z)+O(α3). For the calculation of the
energy release (29) we need the real part of the residue of
ψ(z) at infinity: we will show that the residue of δψc(z)
at infinity is zero and thus the residues of ψ(z) and ψs(z)
at z = ∞ are the same — which means that the energy
release for the curvy cut ABCD is the same as that of for
the straight cut AD.
(a) (b)
A 0 D
X
B
Y Z Y
A
B
C
Z
X
0
C
D
T
T
T
T T
T
T
T
FIG. 5. The stress free boundary of a two–kink ABCD cut
(b) can be mimicked by applying the tangential force to the
previously unstressed (a) straight cut boundary AD.
Let’s assume that points W and X are on the upper
boundary of the link AB. From Figure 3, z = t+ iβ(t +
ℓp/2)+O(α
3), where t ∈ AB′ and β = (1− k1)α1 + (1−
k2)α2 +O(α
3). Using (30) we find
i f(φs0, ψ
s) =
[
φs(t)+ + tφs(t)′
+
+ ψs(t)+
]∣∣∣∣∣
X
W
+iβ(t+ ℓp/2)
(
φs(t)
′+
+ φs(t)
′+
−tφs(t)′′+ − ψs(t)′+
)∣∣∣∣
X
W
−β
2(t+ ℓp/2)
2
2
(
φs(t)
′′+
+ tφs(t)
′′′+ − 2φs(t)′′+
+ψs(t)
′′+
)∣∣∣∣
X
W
+O(α3)
= 2β2(t+ ℓp/2)
2φs(t)
′′+
∣∣∣∣
X
W
+O(α3), (33)
where t runs along AB′; the + superscript means that
the values of φs0(t) and ψ(t) should be taken at the up-
per boundary of the straight cut. To obtain the second
expression in (33) one can plug in the explicit form (32),
or - more elegantly - note that for t ∈ AB′, φs(t) is pure
imaginary and ψs(z)′ = −zφs(z)′′. Either way, it follows
that the functions δφc(z) and δψc(z) satisfy
iδf =
[
δφc(t)
+
+ tδφc(t)
′+
+ δψc(t)
+
]∣∣∣∣∣
X
W
= −2β2(t+ ℓp/2)2φs(t)′′+
∣∣∣∣
X
W
. (34)
This is the force we need to add along the straight cut
just below segment AB to cancel the stress along the
curvy cut. Similar expressions can be found for the forces
needed below BC and CD. To find δφc(z) and δψc(z) we
have to solve the elasticity problem for the material with
the straight cut AD, subject to these applied forces iδf
along the cut boundary. Fortunately, this problem allows
a closed analytical solution [17]. Expanding the exact
expression for δψc(z) in [17] we find
δψc(z) =
ℓp
4πiz
∮
γ
Re
[
iδf(x(σ))
]
dσ +O
(
1
z2
)
(35)
where the integration is along the unit circle γ in the
complex plane, and iδf is a function of a variable point
x(σ) = ℓp(σ + 1/σ)/4 along the straight cut boundary
AD. Notice from (34) that iδf is pure imaginary evalu-
ated on the upper boundary of the link AB: in this case
|t| < ℓp/2, and so the argument of the square root in (32)
is negative resulting in pure imaginary φs(t)
′
, thus φs(t)
′′
is also pure imaginary. In fact, as it can be checked ex-
plicitly, Re
[
iδf
]
= 0 for arbitrary W and X along the
cut boundary. So we conclude from (35) that the residue
of δψc(z) at infinity is zero and thus the energy release
for the curvy cut ABCD is the same as for the straight
cut AD. The underling physical reason for this seeming
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remarkable coincidence is that to imitate the stress free
curvy cut to quadratic order in the kink angles we have to
apply only tangential force along the straight cut (pure
imaginary iδf means Fy = 0), which do no work because
a straight cut under a uniform isotropic tension at infin-
ity opens up but does not shrink [17].
We find that the energy release E(ℓp) of the curvy cut
with projected distance ℓp between the endpoints is the
same to quadratic order in the kink angles as the energy
release of the straight cut of length ℓp. The latter one is
given by the second formula in (26) with θ = 0 (it also
coincides with Griffith’s result (2))
E(ℓp) =
πT 2ℓ2p
32µ
(1 + χ). (36)
The natural variables to describe the curvy cut are its
total length ℓ and its curvature k(x), x ∈ [0, ℓ]. In what
follows we express (36) in these variables and find the
normal modes of the curvature that diagonalize the en-
ergy release.
For the two-kink cut ABCD (Figure 3) of total length
ℓ one can find
ℓp = ℓ
(
1− x1(ℓ− x1)
2ℓ2
α21 −
x1(ℓ− x2)
ℓ2
α1α2
−x2(ℓ− x2)
2ℓ2
α22
)
+O(α3) (37)
where x1 and x2 parameterize the kink positions: the
length of the link AB is assumed to be x1 and the length
of the segment ABC equals x2. Similarly, for the n-kink
cut of total length ℓ with the kink angles {αi} parame-
terized by their distance {xi} from the cut end
ℓp = ℓ
(
1− 1
2
n∑
i,j=1
αiαj
[
−xixj
ℓ2
+
min(xi, xj)
ℓ
])
+O(α3). (38)
Expressing the kink angles through the local curvature
of the curve, αi = k(xi)∆xi/λ, we find the continuous
limit of (38)
ℓp = ℓ
(
1− 1
2
∫ ℓ
0
∫ ℓ
0
dxdy
λ2
k(x)M(x, y)k(y)
)
+O(k(x)3), (39)
with
M(x, y) = −xy
ℓ2
+
min(x, y)
ℓ
(40)
and the scale λ is introduced to make the curvature di-
mensionless (λ can be associated with the ultraviolet cut-
off of the theory — roughly the interatomic distance).
Substituting (40) into (36) we find the energy release
E(ℓ, k(x)) = E(ℓp) of the curvy cut in its intrinsic vari-
ables
E(ℓ, k(x)) =
πT 2ℓ2
32µ
(1 + χ)
(
1−
∫ ℓ
0
∫ ℓ
0
dxdy
λ2
k(x)M(x, y)k(y)
)
+O(k(x)
3
). (41)
To find the normal modes of the curvature we have to find
the eigenvalues and eigenvectors of the operatorM(x, y).
If kn(x) is an eigenvector of M(x, y) with eigenvalue λn,
then
λnkn(x) =
∫ ℓ
0
dy
λ
M(x, y)kn(y). (42)
From (40), M(0, y) = 0 and M(ℓ, y) = 0 for arbitrary
y ∈ [0, ℓ], so from (42) the eigenvectors of M(x, y) must
be zero at x = 0 and x = ℓ: kn(0) = kn(ℓ) = 0. An
arbitrary function kn(x) with this property is given by
the Fourier series
kn(x) =
∞∑
m=1
cm
√
2λ
ℓ
sin
πmx
ℓ
(43)
where the overall constant
√
2λ/ℓ is introduced to nor-
malize the Fourier modes with the integration measure
dx/λ over x ∈ [0, ℓ]. One can explicitly check from
(42) that each Fourier mode
√
2λ/ℓ sin(πmx/ℓ) is in
fact an eigenvector of M(x, y) with the eigenvalue λm =
ℓ/(π2m2λ). In terms of the amplitudes of the normal
modes {cn}, (41) is rewritten as
E(ℓ, {cn}) = πT
2ℓ2
32µ
(1 + χ)
(
1−
∞∑
n=1
ℓ
π2n2λ
c2n
)
+O(c3n).
(44)
(44) is the main results of the section: we’ve calculated
the energy release of an arbitrary curvy cut in its in-
trinsic variables — the total length ℓ and the curvature
k(x), x ∈ [0, ℓ] — to quadratic order in k(x) and found
the normal modes of the curvature that diagonalize the
energy release.
In conclusion we mention that the measure in the kink
angle space is Cartesian —
∏
i dαi — (and thus the func-
tional measureDk(x) ≡ Dα(x) is Cartesian), so the mea-
sure in the vector space of the amplitudes of the normal
modes {cn} is also Cartesian —
∏∞
n=1 dcn, because the
Fourier transformation {k(x)} → {cn} is orthonormal.
This will be important in section V, where we will be
integrating over crack shapes.
IV. SURFACE PHONONS
In the previous sections we have extensively discussed
the calculation of the energy release due to the equi-
librium opening of a cut in an elastic material. Since
our goal is to deal with cracks as thermal fluctuations,
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we must also deal with the more traditional elastic fluc-
tuations — phonons, or sound. We find here that the
bulk fluctuations decouple from the new surface phonon
modes introduced by the cut. We discuss the quadratic
fluctuations for linear elastic material with a straight cut
of length ℓ subject to a uniform isotropic tension T at
infinity; more specifically, we calculate the energy release
for the material with an arbitrary opening of the straight
cut and we find collective coordinates (normal modes)
that diagonalize the change in the energy.
An elastic state of the material can be defined through
the specification of its displacements ~U = (u, v) at every
point (x, y). For the material with a cut, the fields u(x, y)
and v(x, y) can in principle have a discontinuity along
the cut: assuming that the cut is an interval (x, y) =
([−ℓ/2, ℓ/2], 0),
2gx(x) = u(x, 0+)− u(x, 0−), for x ∈ [−ℓ/2, ℓ/2]
(45)
and
2gy(x) = v(x, 0+)− v(x, 0−), for x ∈ [−ℓ/2, ℓ/2]
(46)
may be nonzero. It is clear that the arbitrary state ~U
can be decomposed into the superposition of two states
~Ug = (ug, vg) and ~Uc = (uc, vc), where ~Ug is the equilib-
rium state for given displacement discontinuity (gx, gy)
at the cut boundary (45-46) and tension T at infin-
ity that maximizes the energy release, and ~Uc given by
(uc, vc) = (u − ug, v − vg) is a continuous displacement
field everywhere. Recall that the energy release is the
sum of the work done by the external forces and the
work done by the internal forces (4). We define the en-
ergy release E for the elastic state ~U with respect to the
equilibrium state of the material ~U0 = (u0, v0) without
the cut under the same loading at infinity, as a limit of
this difference for finite size samples with boundary Γb
and enclosed area A. We find following (4), (5) and (6)
E =
∮
Γb
T~n(~U − ~U0)dℓ + 1
2
∫ ∫
A
(σ0ije
0
ij − σijeij)dA
(47)
where σ0ij and e
0
ij are the stresses and strains of the equi-
librium elastic state of the uncracked material ~U0; σij
and eij are the stresses and strains of the elastic state
of material with the straight cut and displacement field
~U ; and ~n is a unit normal pointing outwards from the
regularization boundary Γb. This argument is similar to
that in the second section, but the elastic state ~U is not
an equilibrium one and so the arguments there are not
directly applicable. We rewrite the energy release (47)
making use of the decomposition ~U = ~Ug + ~Uc to get
E =
∮
Γb
T~n(~Ug − ~U0)dℓ+ 1
2
∫ ∫
A
(σ0ije
0
ij − σgijegij)dA
−1
2
∫ ∫
A
σcije
c
ijdA
+
∮
Γb
T~n~Ucdℓ− 1
2
∫ ∫
A
(σgije
c
ij + σ
c
ije
q
ij)dA. (48)
The first two integrals in (48) give the energy release
for the equilibrium elastic state with the specified cut
opening (gx, gy) and tension T at infinity. According to
our decomposition this energy release is maximum for
given gx(x) and gy(x) and thus can not increase linearly
by tuning ~Uc. The latter is true only if the last two
integrals on the RHS of (48) - linear in ~Uc - cancel each
other. (This can be verified explicitly by integrating by
parts the last integral on the RHS of (48) and using the
fact that ~Ug is an equilibrium state.) Thus
E =
∮
Γb
T~n(~Ug − ~U0)dℓ+ 1
2
∫ ∫
A
(σ0ije
0
ij − σgijegij)dA
−1
2
∫ ∫
A
σcije
c
ijdA : (49)
the energy factors, and the last term representing the
continuous degrees of freedom does not “feel” the pres-
ence of the cut and thus will have exactly the same spec-
trum as that of the uncracked material.
Although the elastic state ~Ug is an equilibrium one, the
cut boundary is in general stressed, and so we still have
to modify the result of the second section for the energy
release (18). From the first equation in (15), the elastic
energy of the uncracked material is given by
1
2
∫ ∫
A
σ0ije
0
ijdA =
1
2
∮
Γb
T~n~U0dℓ. (50)
The elastic energy of the material with the cut (the
second equation in (15)) is modified to incorporate the
stressed cut boundary
1
2
∫ ∫
A
σgije
g
ijdA =
1
2
∮
Γb
T~n~Ugdℓ+
1
2
∮
Γh
~Fh ~Ugdℓ. (51)
The second integral in (51) is over the cut boundary Γh
and ~Fh is the force we have to apply to the cut boundary
to insure its displacements satisfy (45-46). With this
change, following (49-51) we find that the energy release
as given by (18) decreases by δE
δE =
1
2
∮
Γh
~Fh~Ugdℓ. (52)
In the spirit of the third section, the equilibrium elastic
state ~Ug can be described by the analytical functions φ(z)
and ψ(z); φ0(z) = φ(z)−Tz/2 and ψ(z) are holomorphic
in the extended complex z plane excluding the straight
cut and are constrained to provide displacement discon-
tinuity (gx, gy). The energy release Eg is then smaller
than the one given by (21) by δE
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Eg = −πT
4µ
(1 + χ)Re[yg1 ]− δE (53)
where yg1 is the 1/z coefficient in the expansion of ψ(z)
at infinity.
To determine the functions φ0(z) and ψ(z) we con-
formally map the complex z plane with the cut to the
outside of the unit circle γ (Figure 6)
z = ω(ζ) =
ℓ
4
(
ζ +
1
ζ
)
(54)
so that the unit circle in the ζ plane is mapped to the
straight cut boundary Γh in the original plane, Γh =
ω(γ).
Z ζ
z=ω(ζ)
γhΓ n τ
τ
n
θ
θρ
ρ
FIG. 6. The determination of the holomorphic functions
describing the equilibrium elastic state of the material with a
straight cut is simplified in the conformal plane ζ, where the
unit circle γ corresponds to cut boundary Γh in the original
z plane.
The elasticity problem is reformulated in the confor-
mal plane as follows: we have to find analytical func-
tions φg(ζ) = φ(ω(ζ)) and ψg(ζ) = ψ(ω(ζ)), such that
φg0(ζ) = φg(ζ) − ℓζ/4 and ψg(ζ) are holomorphic in the
extended complex ζ plane outside the unit circle and give
the maximum energy release with displacement disconti-
nuity (gx, gy) at the cut boundary. We introduce
g(σ) = ug + ivg
∣∣∣∣
γ
(55)
where σ = exp(iα), α ∈ [0, 2π), is a parameterization
of the unit circle γ. Since σ and 1/σ represent opposite
points across the cut, (45-46) require
g(σ)− g(1/σ) = 2[gx(ω(σ)) + igy(ω(σ))], α ∈ [0, π).
(56)
It is important to note that the equilibrium elastic state
that maximizes the energy release for given displacement
discontinuity (gx, gy) is unique; on the other hand (56)
determines only the asymmetric modes gasym(σ) of the
crack opening displacement for this state
2gasym(σ) = [ug(σ) + ivg(σ)]− [ug(1/σ) + ivg(1/σ)] (57)
= 2[gx(ω(σ)) + igy(ω(σ))].
The symmetric modes gsym(σ)
2gsym(σ) = [ug(σ) + ivg(σ)] + [ug(1/σ) + ivg(1/σ)] (58)
left unconstrained by (56), should then be relaxed to
provide the maximum energy release for given gasym(σ).
Thus, to calculate the energy release Eg of the elas-
tic state ~Ug we first find the energy release E(g) =
E(gasym + gsym) for the equilibrium state with an ar-
bitrary displacement along the cut boundary g(σ) and
then maximize the result with respect to gsym
Eg = max
gsym
E(gasym + gsym). (59)
In what follows we will use φζ(ζ) and ψζ(ζ) to describe
the equilibrium elastic state with an arbitrary displace-
ment g(σ) along the cut boundary and tension T at in-
finity. (The energy release for arbitrary g(σ) is still given
by (52-53).) Making the change of variables z → w(ζ) in
(20) and putting ζ = σ we obtain a constraint on φζ(ζ)
and ψζ(ζ) that guarantees the displacements along γ to
be g(σ)
χφζ(σ) − ω(σ)
ω′(σ)
φ′ζ(σ) − ψζ(σ) = 2µg(σ). (60)
Once the solution (φζ , ψζ) of the elasticity problem is
found, we can compute the correction (52) to the energy
release. Introducing the polar coordinates (ρ, θ) (Figure
6) in the complex ζ plane, ~Fh = Fρ~ρ + Fθ~θ and ~Ug =
vρ~ρ+ vθ~θ, and using dℓ = |ω′(σ)||dσ| we find
δE =
1
2
∮
γ
(
Fρvρ + Fθvθ
)
|ω′(σ)||dσ| (61)
=
1
2
∮
γ
(
σρρvρ + σρθvθ
)
|ω′(σ)||dσ|
where in the second equality we express the force through
the stress tensor components: Fρ = σρρ and Fθ = σρθ.
The stress tensor components σρρ and σρθ are given in
terms of the φζ(ζ) and ψζ(ζ) functions that, as we already
mentioned, completely determine the equilibrium elastic
state. Muskhelishvili finds [17]
σρρ − iσρθ =
φ′ζ(ζ)
ω′(ζ)
+
φ′ζ(ζ)
ω′(ζ)
− ζ
2
ρ2ω′(ζ)
{
ω(ζ)
ω′(ζ)
φ′′ζ (ζ)
−ω(ζ)ω
′′(ζ)
ω′(ζ)
2 φ
′
ζ(ζ) + ψ
′
ζ(ζ)
}
. (62)
Noting that the transformation of the displacements
along the unit circle in the Cartesian coordinates (ug, vg),
g = ug + ivg, to the polar coordinates (vρ, vθ) is [17]
vρ + ivθ =
1
σ
ω′(σ)
|ω′(σ)| (ug + ivg) =
1
σ
ω′(σ)
|ω′(σ)|g(σ), (63)
we conclude from (61)
δE =
1
2
Re
∮
γ
(σρρ − iσρθ)(vρ + ivθ)|ω′(σ)||dσ| (64)
=
1
2
Re
∮
γ
(σρρ − iσρθ)ω
′(σ)
σ
g(σ)
dσ
iσ
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where σρρ − iσρθ is given by (62) with ζ → σ (ρ → 1).
From (53) and (64) we find the energy release E(g)
E(g) = −πT
4µ
(1 + χ)Re[y1(g)]
−1
2
Re
∮
γ
(σρρ − iσρθ)ω
′(σ)
σ
g(σ)
dσ
iσ
(65)
where y1(g) is the 1/z coefficient in the expansion of
ψζ(ω
−1(z)) at z =∞.
The equilibrium elastic problem for material with the
straight cut allows a closed analytical solution for the
arbitrary specified displacement g(σ) along the unit circle
in the conformal plane ζ. Using the fact that φζ0(ζ) and
ψζ(ζ) are holomorphic functions outside the unit circle
that satisfy (60), Muskhelishvili finds [17]
φζ(ζ) =
T ℓζ
8
− 2µ
χ
1
2πi
∮
γ
g(σ)dσ
σ − ζ +
T ℓ
8χζ
(66)
ψζ(ζ) =
µ
πi
∮
γ
g(σ)dσ
σ − ζ +
T ℓ
8
(
χ
ζ
− 2ζ
ζ2 − 1
)
−ζ 1 + ζ
2
ζ2 − 1
(
φ′ζ(ζ)−
T ℓ
8
)
− µ
πi
∮
γ
g(σ)dσ
σ
.
Assuming that g(σ) is smooth, we represent it by a con-
vergent Fourier series
g(σ) =
+∞∑
−∞
(an + ibn)σ
n. (67)
Using representation (67) for g(σ) we find from (65) the
energy release E
E(g) =
πT ℓ(1 + χ)
4χ
(a−1 + χa1) (68)
−2πµ
+∞∑
n=1
n
(
a2n + b
2
n +
a2−n + b
2
−n
χ
)
−πT
2ℓ2(1 + χ)
128µ
(
χ− 2 + 1
χ
)
.
(The computations are tedious, but straightforward: first
we substitute (67) into (66) to find the solution of the
elasticity problem in terms of the Fourier amplitudes
{an, bn}, then we calculate the stress tensor components
at the unit circle using (62), and finally plugging the re-
sult into (65) we obtain (68).) The next step is to relax
the symmetric modes in the crack opening displacement
given by g(σ). From (67) and (55) we find
ug =
+∞∑
n=1
(an + a−n) cosnα+ (b−n − bn) sinnα (69)
vg =
+∞∑
n=1
(bn + b−n) cosnα+ (an − a−n) sinnα
which with the change of variables
un = b−n − bn (70)
vn = an − a−n
u˜n = bn + b−n
v˜n = an + a−n
is rewritten as
ug =
+∞∑
n=1
v˜n cosnα+ un sinnα (71)
vg =
+∞∑
n=1
u˜n cosnα+ vn sinnα.
It is clear now that the asymmetric modes of the crack
opening displacement are described by {un, vn}, while
the symmetric ones are specified by {u˜n, v˜n}. (Recall
that points parameterized by σ and 1/σ (or equivalently
α and −α) are opposite from one another across the cut.)
The amplitudes {un, vn} are uniquely determined for the
given (gx, gy). From (57) and (71)
gx(ℓ/2 cosα) + igy(ℓ/2 cosα) =
+∞∑
n=1
(un + ivn) sinnα
(72)
where α ∈ [0, π]. Using the transformation inverse to
(70) we can express the energy release (68) in terms of
{un, vn, u˜n, v˜n}. The obtained expression is maximum
for
u˜n = un
χ− 1
1 + χ
(73)
v˜n = vn
1− χ
1 + χ
, n 6= 1
v˜1 = v1
1− χ
1 + χ
+
T ℓ(χ− 1)
8µ
and gives the energy release Eg
Eg =
T ℓπ
2
v1 − 2πµ
χ+ 1
+∞∑
n=1
n
(
u2n + v
2
n
)
. (74)
Finally, the maximum of (74) is achieved for
umaxn = 0 (75)
vmaxn = 0, n 6= 1
vmax1 =
πT ℓ(1 + χ)
8µ
and
Emaxg =
πT 2ℓ2(1 + χ)
32µ
(76)
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which, as one might expect, corresponds to the equilib-
rium opening of the cut [17] and the energy release as-
sociated with this opening (2). Expanding (74) about
{umaxn , vmaxn }, {un, vn} → {umaxn + un, vmaxn + vn}, we
find
Eg =
πT 2ℓ2(1 + χ)
32µ
− 2πµ
1 + χ
+∞∑
n=1
n
(
u2n + v
2
n
)
. (77)
Expression (77) is the desired result: we find that the
crack opening displacements (specified on the unit circle
in the conformal plane)
{u, v} =
{
vn
1− χ
1 + χ
cosnα+ un sinnα,
un
χ− 1
1 + χ
cosnα+ vn sinnα
}
(78)
imposed on the saddle point cut opening
{umax, vmax} = {0, πT ℓ(1 + χ)
8µ
sinα} (79)
diagonalize the energy release and thus are the normal
modes; with the excitation of the n-th normal mode with
the amplitude {un, vn} the energy release decreases by
2πµn(u2n + v
2
n)/(1 + χ).
Although (74) has been derived for the material under
uniform isotropic stretching at infinity, it can be rein-
terpreted to describe the minimum increase in the en-
ergy ∆E of the material under a uniform isotropic com-
pression (pressure) P at infinity, due to the opening of
the straight cut with specified displacement discontinuity
along its boundary. For the displacement discontinuity
given by (72) we find similar to (74)
∆E =
Pℓπ
2
v1 +
2πµ
χ+ 1
+∞∑
n=1
n
(
u2n + v
2
n
)
. (80)
One can use the same arguments that lead to (49) to
show that the crack opening normal modes (78) decou-
ple from all continuous modes (that are present in the
uncracked material) and thus leave their spectrum un-
changed. The saddle point is however unphysical in this
case: as follows from (79), (T in (79) should be replaced
with −P ), it corresponds to a configuration where the
material overlaps itself.
V. THE IMAGINARY PART OF THE
PARTITION FUNCTION
Elastic materials at finite temperature undergo a phase
transition to fracture at zero applied stress, similar to the
first order phase transition in spin systems below the crit-
ical temperature at zero magnetic field. The free energy
of an elastic material under a stretching load develops
an imaginary part which determines the material life-
time with respect to fracture. The imaginary part of the
free energy has an essential singularity at zero applied
stress. In this section we calculate this singularity at low
temperatures in a saddle point approximation including
quadratic fluctuations.
Consider an infinite two-dimensional elastic material
subject to a uniform isotropic stretching T at infinity.
Creation of a straight cut of length ℓ will increase the
energy by 2αℓ, where α is the surface tension (the energy
per unit length of edge), with a factor of 2 because of the
two free surfaces. On the other hand, the cut will open up
because of elastic relaxation. Using (76) for the energy
release we find the total energy E(ℓ) of the straight cut
in equilibrium under stretching tension T :
E(ℓ) = 2αℓ− πT
2ℓ2(1 + χ)
32µ
. (81)
Introducing
ℓc =
32µα
πT 2(1 + χ)
(82)
we can rewrite the energy of the crack as
E(ℓ) = 2αℓ− αℓ
2
ℓc
. (83)
It follows that cracks with ℓ > ℓc will grow, giving rise to
the fracture of the material, while those with ℓ < ℓc will
heal — a result first obtained by Griffith [1]. At finite
temperature a crack of any size can appear as a thermal
fluctuation, which means that for arbitrary small stretch-
ing T the true ground state of the system is fractured into
pieces and so the free energy of the material cannot be
analytical at T = 0. Because the energy E(ℓc) = αℓc
grows as 1/T 2 as T → 0, interactions between thermally
nucleated cracks are unimportant at small T and low
temperatures (allowing us to use the “dilute gas approx-
imation”).
The thermodynamic properties of a macroscopic sys-
tem can be obtained from its partition function Z:
Z =
∞∑
N=0
∑
n
exp(−βEnN ) (84)
where the summation N is over all possible numbers of
particles (cracks in our case) and the summation n is over
all states of the system with N cracks.
To begin with, let’s consider the partition function of
the material with one cut Z1
Z1 =
∑
E
exp(−βE) (85)
where the summation is over all energy states of the ma-
terial with a single cut. The calculation of the imaginary
part of the partition function is dominated by a saddle
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point, that in our case is a straight cut of length ℓc. The
straight cut is the saddle point because it gains the most
elastic relaxation energy for a given number of broken
bonds (we explicitly show in section III that curving a
cut reduces the energy release). For now we neglect all
fluctuations of the critical droplet (the cut of length ℓc)
except for its uniform contraction or expansion — fluctu-
ations in the length of the straight cut. Introducing the
deviation ∆ℓ in the cut length from the critical length ℓc,
∆ℓ = ℓ − ℓc, we find from (83)
E = αℓc − α∆ℓ
2
ℓc
. (86)
The fact that this degree of freedom has negative eigen-
value means that direct computation of the partition
function yields a divergent result. A similar problem for
the three-dimensional Ising model was solved by Langer
[18]: one has to compute the partition function in a sta-
ble state P = −T (compression), and then do an ana-
lytical continuation in parameter space to the state of
interest. The free energy develops an imaginary part in
the unstable state, related to the decay rate for fracture
[19]: the situation is similar to that of barrier tunneling
in quantum mechanics [20], where the imaginary part in
the energy gives the decay rate of a resonance. We have
explicitly implemented this prescription for the simplified
calculation of the imaginary part of the free energy [13]:
for the elastic material under a uniform isotropic com-
pression at infinity allowing for the nucleation of straight
cuts of an arbitrary length with an arbitrary elliptical
opening (mode v1 in (80)), we calculated the free energy
in a dilute gas approximation. We carefully performed
the analytical continuation to the metastable state de-
scribing the elastic material under the uniform isotropic
stretching T at infinity and found the imaginary part of
the free energy
ImF simple(T ) =
2
β2Tλ2
(
π
A
λ2
)
exp
{ −32βµα2
πT 2(χ+ 1)
}
(87)
where A is the area of the material and λ is the ultravio-
let cutoff of the theory. (The version of equation (87) as
derived in [13], overcounts the contribution from zero-
restoring-force modes (2πA/λ2) by factor 2. Because
cracks tilted by θ and π + θ are identical, the proper
contribution from rotations must be π, rather than 2π.)
The alternative to this analytical continuation ap-
proach is to deform the integration contour over the am-
plitude of the unstable (negative eigenvalue) mode from
the saddle point ∆ℓ = 0 along the path of the steep-
est descent [18]. More precisely, we regularize the direct
expression for the partition function
Z1 = Z0
(
π
A
λ2
)∫ ∞
−ℓc
d∆ℓ
λ
exp
{
−β
(
αℓc − α∆ℓ
2
ℓc
)}
(88)
(which diverges at big ∆ℓ) by bending the ∆ℓ integration
contour from the saddle into the complex plane:
Z1 = Z0
(
π
A
λ2
)∫ 0
−ℓc
d∆ℓ
λ
exp
{
−β
(
αℓc − α∆ℓ
2
ℓc
)}
(89)
+Z0
(
π
A
λ2
)
exp(−βαℓc)
∫ ±i∞
0
d∆ℓ
λ
exp
{
βα
∆ℓ2
ℓc
}
In (88-89) the factor (πA/λ2) comes from the zero-
restoring-force modes for rotating and translating the
cut, and Z0 is the partition function for the uncracked
material (unity for the present simplified calculation).
The second integral in (89) generates the imaginary part
of the partition function
ImZ1 = ±1
2
Z0
(
π
A
λ2
)
exp(−βαℓc)
(
πℓc
βαλ2
)1/2
(90)
with the ± sign corresponding to the analytical contin-
uation to either side of the branch cut of the partition
function. (We showed in [13] that partition function is
an analytical function in complex T with a branch cut
along the line T ∈ [0,+∞).) In a dilute gas approxima-
tion the partition function for the material with N cuts
ZN is given by
ZN = Z0
(Z1/Z0)
N
N !
(91)
which from (84) determines the material free energy
F = − 1
β
lnZ = − 1
β
ln
∞∑
N=0
ZN = − 1
β
lnZ0 − 1
β
Z1
Z0
. (92)
Following (90) and (92) we find the imaginary part of the
free energy
ImF simple(T ) = ± 2
β2Tλ2
(
2βµλ2
χ+ 1
)1/2(
π
A
λ2
)
exp
{ −32βµα2
πT 2(χ+ 1)
}
(93)
(93) differs from (87) only because for the calculation
of the imaginary part of the free energy in [13] we used
two degrees of freedom: the length of the cut and its
elliptical opening, while in current calculation there is
only one degree of freedom. One can immediately re-
store (87) by adding the v1 mode of (77) to the en-
ergy of the elastic material (86) and integrating it out.
From (77), the v1 mode generates an additional multi-
plicative contribution Zv1 to the partition function for a
single crack Z1, and thus from (92) changes the imagi-
nary part of the free energy for multiple cracks F simple,
ImF simple → Zv1ImF simple
Zv1 =
∫ +∞
−∞
dv1
λ
exp
{
−2πµβ
1 + χ
v21
}
=
(
1 + χ
2µβλ2
)1/2
(94)
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which will cure the discrepancy between (93) and (87).
Although the analytical continuation method is theoret-
ically more appealing, the calculation of the imaginary
part through the deformation of the integration contour
of the unstable mode is more convenient once we include
the quadratic fluctuations. It is clear that both methods
(properly implemented) must give the same results.
We have already emphasized that the above calcula-
tion ignores the quadratic fluctuations about the saddle
point (except for the uniform contraction or extension of
the critical droplet), which may change the prefactor in
the expression (93) for the imaginary part of the free en-
ergy and may renormalize the surface tension α. There
are three kinds of quadratic fluctuations we have to deal
with. (I) Curvy cuts — changes in the shape of the tear
in the material: deviations of the broken bonds from a
straight-line configuration. (II) Surface phonons — ther-
mal fluctuations of the free surface of the crack about its
equilibrium opening. (III) Bulk phonons — thermal fluc-
tuations of the elastic media that are continuous at the
cut boundary. To incorporate these fluctuations we have
to integrate out the quadratic deviation from the sad-
dle point energy coming from their degrees of freedom
(as we did for the surface phonon v1 above). In all cases
the answer will depend upon the microscopic lattice-scale
structure of the material. In field-theory language, our
theory needs regularization: we must decide exactly how
to introduce the ultraviolet cut-off λ. Here we discuss
the lattice regularization, where the cut-off is explicitly
introduced by the interatomic distance, and ζ-function
regularization, common in field theory. We find that the
precise form of the surface tension renormalization and
the prefactor in the imaginary part of the free energy
depends on the regularization prescription, but certain
important quantities appear regularization independent.
The partition function of the elastic material with one
cut Z1 in the saddle point approximation (89), will de-
velop a multiplicative factor Zf upon inclusion of the
quadratic fluctuations Z1 → ZfZ1 with
Zf =
∑
∆E
exp(−β∆E). (95)
A deviation ∆E from the saddle point energy is decom-
posed into three parts, with each part describing fluctu-
ations of one of the mentioned three types
∆E =
αl2c
π2λ
∞∑
n=1
1
n2
c2n +
2πµ
1 + χ
∞∑
n=1
n(u2n + v
2
n)
+∆Econtinuous. (96)
The first term in (96) accounts for the decrease in the
energy release due to the curving of the saddle point cut
of length ℓc with the curvature
k(x) =
∞∑
n=1
cn
√
2λ
ℓc
sin
πnx
ℓc
, x ∈ [0, ℓc]. (97)
(The first term in (96) follows from (44) with l = lc
given by (82).) The second term in (96) describes the
asymmetric modes in the thermal fluctuations of the free
surface of the saddle point crack about its equilibrium
opening shape
uasym(t) + ivasym(t) =
∞∑
n=1
(un + ivn) sinnϑ, ϑ ∈ [−π, π)
(98)
where a point at the cut boundary is parameterized
by its distance t = ℓc(1 + cosϑ)/2 from the cut end;
ϑ ∈ [−π, 0) parameterize the lower boundary displace-
ments and ϑ ∈ [0, π) parameterize the displacements of
the upper boundary points. The symmetric modes of
the crack opening about its equilibrium opening shape
are assumed to relax providing the minimum increase
in the elastic energy for a given {un, vn}. The latter
guarantees that all additional modes with the continuous
displacement at the cut boundary (the ones which give
∆Econtinuous — the last term in (96) describing the bulk
phonons) decouple from {cn, un, vn} and are the same
as the ones for the uncracked material. (The arguments
here are the same as those that were used in derivation of
(49).) Since the curvature modes {cn} give the equilib-
rium energy of the curvy cut, the response of the surface
phonons to such a curving is already incorporated, so
the quadratic fluctuations {cn} can be calculated inde-
pendently from the quadratic fluctuations {un, vn}. The
latter means that there are no coupling between {cn}
and {un, vn} modes in (96), and the spectrum of {un, vn}
modes is the same as that for the straight cut of length
ℓc (77).
The last thing we have to settle before the calculation
of Zf is the proper integration measure for the surface
phonon modes {un, vn}. (We argued in the conclusion
of section III that the integration measure for the modes
cn is Cartesian —
∏∞
n=1 dcn.) Here we show that be-
cause the functional measure in the displacement fields
(u(x, y), v(x, y)) defined at each point of the material
(x, y) is naturally Cartesian — D[u(x, y)/λ]D[v(x, y)/λ],
the integration measure for the modes {un, vn} must be
of the form
∏∞
n=1(1/2π)dundvn/λ
2.
An arbitrary elastic displacement field for the mate-
rial with a curvy cut is defined by specifying its bulk
part (ubulk(x, y), vbulk(x, y)) (point (x,y) can be any-
where except at the cut boundary) and the cut part
(u+cut(t), u
−
cut(t), v
+
cut(t), v
−
cut(t)) (the cut displacements
are defined along the cut and are parameterized by the
distance t = ℓc(1 + cosϑ)/2, ϑ ∈ [0, π) from the cut end;
the + and − superscripts are correspondingly the dis-
placements at the upper and the lower boundary of the
cut). It is helpful to visualize the introduction of the cut
into the material as splitting in half each of the atoms of
the material along the cut boundary. Then, the bulk part
of the displacement field combines degrees of freedom of
all atoms left untouched by splitting and the cut part
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describes the displacements of the split ones. Note that
the splitting increases the total number of the degrees of
freedom. The original measure is naturally
D[ubulk(x, y)/λ]D[vbulk(x, y)/λ]D[ucut(t)
+ucut(t)
−/λ2]
D[vcut(t)
+vcut(t)
−/λ2]
First we separate the symmetric and asymmetric parts
in the crack opening displacement
uasym(t) =
1
2
(
u+cut(t)− u−cut(t)
)
(99)
vasym(t) =
1
2
(
v+cut(t)− v−cut(t)
)
usym(t) =
1
2
(
u+cut(t) + u
−
cut(t)
)
vsym(t) =
1
2
(
v+cut(t) + v
−
cut(t)
)
Because the Jacobian of the transformation
(ucut(t)
+, ucut(t)
−, vcut(t)
+, vcut(t)
−)→
(uasym(t), vasym(t), usym(t), vsym(t))
is constant∣∣∣∣∣∂(ucut(t)
+, ucut(t)
−, vcut(t)
+, vcut(t)
−)
∂(uasym(t), vasym(t), usym(t), vsym(t))
∣∣∣∣∣ = 14 , (100)
the integration measure remains Cartesian:
D[ubulk(x, y)/λ]D[vbulk(x, y)/λ]D[u
sym(t)vsym(t)/λ2]
D[uasym(t)vasym(t)/4λ2].
Now we can combine the bulk and the symmetric cut
part of the measure by introducing the continuous dis-
placement fields (uc(x, y), vc(x, y)) everywhere, including
the cut boundary.(In our atomic picture, the symmetric
modes of the cut part of the displacement fields repre-
sent the displacements of the split atoms as if they were
whole, and so it is natural to combine these degrees of
freedom with the bulk ones. Obtained as a result of such
combination the continuous degrees of freedom are indis-
tinguishable from the degrees of freedom of the uncracked
material.) The integration measure becomes
D[uc(x, y)/λ]D[vc(x, y)/λ]D[u
asym(t)vasym(t)/4λ2].
According to our decomposition, we specify the asym-
metric cut opening and find the equilibrium displace-
ment fields that minimize the increase in the elastic en-
ergy. In other words, given (uasym(t), vasym(t)) deter-
mine (uminc (u
asym, vasym), vminc (u
asym, vasym)). The trans-
formation
uc(x, y) = u
min
c (u
asym, vasym) + u˜c(x, y) (101)
vc(x, y) = v
min
c (u
asym, vasym) + v˜c(x, y)
then completely decouple the surface phonon modes and
the continuous modes that contribute to ∆Econtinuous in
(96). The Jacobian of the transformation
(uc(x, y), vc(x, y), u
asym(t), vasym(t))→
(u˜c(x, y), v˜c(x, y), u
asym(t), vasym(t))
is unity (the transformation is just a functional shift) and
so the measure remains unchanged
D[u˜c(x, y)/λ]D[v˜c(x, y)/λ]D[u
asym(t)vasym(t)/4λ2].
The Fourier transformation (98) is orthogonal, but the
Fourier modes are not normalized:∫ π
0
dϑ sin2 nϑ =
π
2
. (102)
The latter means that at the final stage of the change
of variables (uasym(t), vasym(t))→ {un, vn} there appear
the Jacobian
∏∞
n=1(2/π), and so we end up with the in-
tegration measure
∏∞
n=1(1/2π)dundvn/λ
2.
From (95-96) with the proper integration measure over
the surface phonon modes we find
Zf =
∞∏
n=1
∫ +∞
−∞
dcn exp
{
−β αl
2
c
π2λn2
c2n
}
(103)
∞∏
n=1
∫ ∫ +∞
−∞
1
2π
dundvn
λ2
exp
{
−β 2πµn
1 + χ
(u2n + v
2
n)
}
Zcontinuous
=
∞∏
n=1
(
π3λn2
βαℓ2c
)1/2 ∞∏
n=1
1 + χ
4πβµλ2n
Zcontinuous (104)
where
Zcontinuous =
∑
∆Econtinuous
exp(−β∆Econtinuous). (105)
Because ∆Econtinuous corresponds to the degrees of free-
dom of the uncracked material (with the same energy
spectrum), Zcontinuous contributes to the partition func-
tion Z0 of the material without the crack, which accord-
ing to (92) drops out from the calculation of the imagi-
nary part of the free energy.
All the products over n in these expressions diverge:
we need a prescription for cutting off the modes at short
wavelengths (an ultraviolet cutoff).
First we’ll consider the ζ-function regularization. In
this regularization prescription [21], the infinite product
of the type D =
∏∞
n=1 λn is evaluated by introducing the
function Dζ(s)
Dζ(s) =
∞∑
n=1
1
λsn
(106)
so that
D = exp(−D′ζ(0)). (107)
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It is assumed that the sum (106) is convergent in some
region of the complex s plane and that it is possible to
analytically continue Dζ(s) from that region to s = 0.
From (104) we find
Zf = D1D2Zcontinuous (108)
where D1 and D2 are obtained following (107) from the
corresponding ζ-functions: D1ζ(s) and D2ζ(s)
D1ζ(s) =
(
βαℓ2c
π3λ
)s/2 ∞∑
n=1
1
ns
=
(
βαℓ2c
π3λ
)s/2
ζR(s) (109)
D2ζ(s) =
(
4πβµλ2
1 + χ
)s ∞∑
n=1
ns =
(
4πβµλ2
1 + χ
)s
ζR(−s).
ζR(s) in (109) is the standard Riemann ζ-function, holo-
morphic everywhere in the complex s plane except at
s = 1. Noting that ζ(0) = −1/2 and ζ′(0) = −(ln 2π)/2
we find from (107-109)
Zf =
(
4βαℓ2c
πλ
)1/4(
2βµλ2
1 + χ
)1/2
Zcontinuous. (110)
From (92) and (104) we find the imaginary part of the
free energy in the ζ-function regularization
ImF ζ =
(
16β3αµ2λ5
π(1 + χ)
2
)1/4(
ℓc
λ
)1/2
ImF simple (111)
where ImF simple is given by (93).
Second, we consider lattice regularization — which is
more elaborate. We represent a curvy cut by N + 1 =
ℓc/λ segments of equal length parameterized by the kink
angles {αi}, i ∈ [1, N ]. With our conventional param-
eterization of the cut t = ℓc(1 + cosϑ)/2, ϑ[−π, π), the
asymmetric modes of the crack opening displacements
{uasym(t), vasym(t)} are linear piecewise approximation
for given asymmetric displacements of the “split” kink
atoms {uasymi , vasymi }, i ∈ [1, N ]. More precisely, if ti
and ti+1 parameterize the adjacent kinks, we assume
uasym(t) = uasymi +
uasymi+1 − uasymi
ti+1 − ti (t− ti) (112)
vasym(t) = vasymi +
vasymi+1 − vasymi
ti+1 − ti (t− ti)
for t ∈ [ti, ti+1]. From the integration measure ar-
guments for the ζ-function regularization, it is clear
that the integration measure in this case must be∏N
i=1 dαi
∏N
i=1 du
asym
i dv
asym
i /4λ
2. Now we have to write
down the lattice regularization of the quadratic devia-
tion ∆E from the saddle point energy (96). From (36)
and (38), the curving of the critical cut ℓc will reduce the
energy release by ∆Ec
∆Ec =
T 2π(1 + χ)ℓ2c
32µ
N∑
i,j=1
αiαjM
c
ij
= αℓc
N∑
i,j=1
αiαjM
c
ij (113)
where
M cij = −
ij
(N + 1)
2 +
min(i, j)
N + 1
. (114)
From (96) the surface phonon contribution to ∆E is given
by
∆Ep =
2πµ
1 + χ
+∞∑
n=1
n(u2n + v
2
n) (115)
where from (98)
un =
2
π
∫ π
0
dϑ uasym(t(ϑ)) sinnϑ (116)
vn =
2
π
∫ π
0
dϑ vasym(t(ϑ)) sinnϑ.
In principle, for a given piecewise approximation of the
asymmetric modes (112) determined by {uasymi , vasymi },
i ∈ [1, N ], one could calculate the Fourier amplitudes
according to (116) and then plug the result into (115)
to obtain ∆Ep in terms of {uasymi , vasymi }. We will use
another approach. Using uasym(0) = uasym(ℓc) = 0 (with
the same equalities for vasym(t)) we integrate (116) by
parts to obtain
un =
2
π
∫ π
0
dϑ
duasym(t(ϑ))
dϑ
cosnϑ
n
(117)
vn =
2
π
∫ π
0
dϑ
dvasym(t(ϑ))
dϑ
cosnϑ
n
.
Substituting (117) into (115) we find
∆Ep =
8µ
π(1 + χ)
∫ π
0
∫ π
0
dϑ1dϑ2
[
duasym(ϑ1)
dϑ1
duasym(ϑ2)
dϑ2
+
dvasym(ϑ1)
dϑ1
dvasym(ϑ2)
dϑ2
]
K(ϑ1, ϑ2) (118)
where
K(ϑ1, ϑ2) =
∞∑
n=1
cosnϑ1 cosnϑ2
n
. (119)
Following [22]
∞∑
k=1
cos kx
k
=
1
2
ln
1
2(1− cosx) , (120)
we find an analytical expression for the kernel (119)
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K(ϑ1, ϑ2) = −1
2
ln 2− 1
2
ln | cosϑ1 − cosϑ2|. (121)
Finally, introducing Mpij from
N∑
i,j=1
(
uasymi u
asym
j + v
asym
i v
asym
j
)
Mpij
=
∫ π
0
∫ π
0
dϑ1dϑ2
[
duasym(ϑ1)
dϑ1
duasym(ϑ2)
dϑ2
+
dvasym(ϑ1)
dϑ1
dvasym(ϑ2)
dϑ2
]
K(ϑ1, ϑ2) (122)
we obtain
∆Ep =
8µ
π(1 + χ)
N∑
i,j=1
(
uasymi u
asym
j + v
asym
i v
asym
j
)
Mpij .
(123)
To calculate Mpij we substitute (112) directly into the
RHS of (122) and read off the corresponding coefficient,
given by the following three equations:
Mpij = f2(i, j) + f2(i + 1, j + 1)− f2(i+ 1, j)
−f2(i, j + 1)
f2(i, j) =
3
4
+
1
(cosϑi−1 − cosϑi)(cosϑj−1 − cosϑj)
[
f1(i, j) + f1(i − 1, j − 1)− f1(i− 1, j)− f1(i, j − 1)
]
f1(i, j) =

(cosϑi−cosϑj)
2
4 ln
∣∣∣∣ sin ϑi−ϑj2 sin ϑi+ϑj2
∣∣∣∣, if i 6= j;
0, otherwise,
(124)
where ϑ0 = 0, ϑN+1 = π, and ϑi parameterizes the i-th
kink (kinks are equally spaced in real space):
ϑi = arccos
(
1− 2i
N + 1
)
, i ∈ [1, N ]. (125)
From (113) and (123) we find the quadratic deviation
from the saddle point energy
∆E = ∆Ec +∆Ep +∆Econtinuous (126)
= αℓc
N∑
i,j=1
αiαjM
c
ij +
8µ
π(1 + χ)
N∑
i,j=1
(
uasymi u
asym
j
+vasymi v
asym
j
)
Mpij +∆Econtinuous.
Thus the multiplicative factor Zf to the partition func-
tion of the elastic material with one cut in the lattice
regularization is given by
Zf =
N∏
n=1
∫ +∞
−∞
dαn exp
{
−βαℓc
N∑
i,j=1
αiαjM
c
ij
}
(127)
N∏
n=1
∫ ∫ +∞
−∞
duasymn dv
asym
n
4λ2
exp
{
−β 8µ
π(1 + χ)
N∑
i,j=1
(
uasymi u
asym
j + v
asym
i v
asym
j
)
Mpij
}
Zcontinuous
=
(
π
βαℓc
)N/2
det−1/2M cij
(
π2(1 + χ)
32βµλ2
)N
det−1Mpij Zcontinuous
where Zcontinuous is given by (105).
The determinant coming from the curvy cuts M cij can
be calculated analytically. In section III we show that
sinπnx/ℓ are eigenvectors of the operator (40), the con-
tinuous analog of M cij . One can explicitly check that for
n ∈ [1, N ], vectors ~mn = {sinπni/(N + 1)} are in fact
eigenvectors of M cij with eigenvalues
λn =
1
4(N + 1)
sin−2
πn
2(N + 1)
(128)
and so
detM cij =
N∏
n=1
λn =
(
N + 1
)−(N+1)
. (129)
(To obtain (129), we take the limit x→ 0 of
sin 2(N + 1)x = 22N+1
2N+1∏
k=0
sin
(
x+
kπ
2(N + 1)
)
(130)
[22], to get
N + 1 = 4N
2N+1∏
k=1
sin
kπ
2(N + 1)
= 4N
N∏
k=1
sin2
kπ
2(N + 1)
.
(131)
With (131), the calculation in (129) becomes straightfor-
ward.) Recalling that N+1 = ℓc/λ, we can rewrite (127)
making use of (129)
Zf =
√
βαλ
π
(
π
βαλ
)ℓc/2λ(ℓc
λ
)1/2 √
32βµλ2
π2(1 + χ)(
π2(1 + χ)
32βµλ2
)ℓc/2λ
det−1Mpij Zcontinuous. (132)
Note that the first three factors on the RHS of (132)
(coming from the curvy cut fluctuations) have the asymp-
totic form, N →∞,
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√
βαλ
π
(
π
βαλ
)ℓc/2λ(ℓc
λ
)1/2
≈ N c2 exp{c0 + c1N}
(133)
with c0 = 0, c1 = ln(π/βαλ)/2 and c2 = 1/2.
We were unable to obtain an analytical expression for
the surface phonon determinant detMpij . ForN = 2...100
kinks we calculate the determinant numerically and fit its
logarithm with f(N) = p0 + p1N + p2 lnN (Figure 7),
detMpij = N
p2 exp{p0 + p1N}. (134)
We find p0 = 0.09 ± 0.02, p1 = 0.166 ± 0.002 and
p2 = 0.24 ± 0.05. (We expect that the surface phonon
fluctuations contribute to Zf similar to the curvy cut
fluctuations (133) — hence the form of the fitting curve
for detMpij .)
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FIG. 7. We calculate numerically the logarithm of the sur-
face phonon determinant, detMpij , for N = 2 ... 100 kinks and
fit the result with f(N) = p0 + p1N + p2 lnN
From (132-134)
Zf = exp{p1 − p0}
(
32β2µαλ3
π3(1 + χ)
)1/2(
ℓc
λ
)−p2+1/2
(
π3(1 + χ) exp{−2p1}
32β2µαλ3
)ℓc/2λ
Zcontinuous (135)
which following (92) gives the imaginary part of the free
energy in the lattice regularization
ImF lattice = exp{p1 − p0}
(
32β2µαλ3
π3(1 + χ)
)1/2(
ℓc
λ
)−p2+1/2
(
π3(1 + χ) exp{−2p1}
32β2µαλ3
)ℓc/2λ
ImF simple (136)
with ImF simple from (93).
Throughout the calculation we ignored the kinetic
term in the energy of the elastic material: their behav-
ior is pretty trivial, as momenta and positions decouple.
Because we introduce new degrees of freedom with our
“splitting atoms” model for the crack, we discuss the ef-
fects of the corresponding new momenta. Before “split-
ting”, (ℓc/λ− 1) atoms along the cut contribute
Zukinetic =
ℓc/λ−1∏
i=1
∫ ∫
dpixdpiy
(
λ
2πh¯
)2
exp
{
−β
ℓc/λ−1∑
j=1
p2jx + p
2
jy
2m
}
(137)
to the partition function of the uncracked material Z0.
(We do not consider the contribution to the partition
function from the bulk atoms — they contribute in a
same way to Z0 as they do to Z1, and thus drop out from
the calculation of the imaginary part (92).) The config-
uration space integration measure for a classical statis-
tical system is dxdp/2πh¯; because we integrated out the
displacements with the weight 1/λ to make them dimen-
sionless, the momentum integrals have measure dpλ/2πh¯,
(137). The formation of the cut increases the number of
the kinetic degrees of freedom by (ℓc/λ− 1) (the number
of split atoms). The split atoms contribute
Zskinetic =
2(ℓc/λ−1)∏
i=1
∫ ∫
dpixdpiy
(
λ
2πh¯
)2
exp
{
−β
2(ℓc/λ−1)∑
j=1
p2jx + p
2
jy
m
}
(138)
to the partition function of the material with the cut.
From (92), (137) and (138) the kinetic energy of the elas-
tic material modify the imaginary part of the free energy
by a factor Zk:
ImF lattice → ZkImF lattice (139)
with
Zk =
Zskinetic
Zukinetic
=
(
mλ2
8πβh¯2
)ℓc/λ−1
. (140)
One might notice that for both (ζ-function and lattice)
regularizations the effect of the quadratic fluctuations
can be absorbed into the renormalization of the prefac-
tor of the imaginary part of the free energy calculated in
a simplified model (without the quadratic fluctuations)
(93), and the material surface tension α: the multiplica-
tive factor to the imaginary part of the free energy has a
generic form
ImF simple → n0
(
ℓc
λ
)n1
exp
{
n2
ℓc
λ
}
ImF simple (141)
where the first two terms renormalize the prefactor
of ImF simple and the other one can be absorbed into
ImF simple through the effective renormalization of the
surface tension
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α→ αr = α+ 1
2βλ
n2 (142)
From (139), (140) it follows that in case of the lattice
regularization, the inclusion of the kinetic energy of the
elastic material shifts the constants n0 and n2, thus pre-
serving (141):
n0 → n0
(
8πβh¯2
mλ2
)
(143)
n2 → n2 + ln mλ
2
8πβh¯2
The calculation of the kinetic terms in the ζ-function
regularization is more complicated. We however have no
reason to believe that it will change the form (141).
VI. THE ASYMPTOTIC BEHAVIOR OF THE
INVERSE BULK MODULUS
In our earlier work [13], we discussed how the ther-
mal instability of elastic materials with respect to frac-
ture under infinitesimal stretching load determines the
asymptotic behavior of the high order elastic coefficients.
Specifically, for the inverse bulk modulus K(P) in two di-
mensions (material under compression)
1
K(P )
= − 1
A
(
∂A
∂P
)
β
= c0 + c1P · · ·+ cnPn + · · · (144)
we found within linear elasticity and ignoring the
quadratic fluctuations,
cn+1
cn
→ −n1/2
(
π(χ+ 1)
64βµα2
)1/2
as n→∞, (145)
which indicates that the high–order terms cn roughly
grow as (n/2)! and so the perturbative expansion for the
inverse bulk modulus is an asymptotic one.
In this section we show that, except for the temper-
ature dependent renormalization of the surface tension
α→ αr = α+O(1/β), (145) remains true even if we in-
clude the quadratic fluctuations around the saddle point
(the critical crack); moreover, we argue that (145) is also
unchanged by the nonlinear corrections to the linear elas-
tic theory near the crack tips.
We review how one can calculate the high order coeffi-
cients of the inverse bulk modulus [13]. The free energy
F (T ) of the elastic material is presumably analytical in
the complex T plane function for small T except for a
branch cut T ∈ [0,+∞) — the axis of stretching. (We
show this explicitly in the calculation within linear elas-
tic theory without the quadratic fluctuations [13].) It
is assumed here that neither nonlinear effects near the
crack tips nor the quadratic fluctuations change the an-
alyticity domain of the free energy for reasonably small
T (i.e. T ≤ Y ). One can then use Cauchy’s theorem to
express the free energy of the material under compression
F (−P ), (Figure 8):
F (−P ) = 1
2πi
∮
γ
F (T )
T + P
dT. (146)
γ
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C DEF
FIG. 8. The free energy of the elastic material F (T ) is
analytical in the complex T plane except for a branch cut
T ∈ [0,+∞). This allows a Cauchy representation for the
free energy F (−P ) of the material under compression.
The contribution to (146) from the arc EFA goes to
zero as the latter shrinks to a point. In this limit we
have
F (−P ) = 1
2πi
B∫
0
F (T + i0)− F (T − i0)
T + P
dT
+
1
2πi
∮
BCD
F (T )
T + P
dT
=
1
π
B∫
0
ImF (T )
T + P
dT +
1
2πi
∮
BCD
F (T )
T + P
dT. (147)
As it was first established for similar problems in field
theory [23] — [25], (147) determines the high–order terms
in the expansion of the free energy F (−P ) =∑n fnPn
fn =
(−1)n
π
B∫
0
ImF (T )
T n+1
dT +
(−1)n
2πi
∮
BCD
F (T )
T n+1
dT. (148)
The second integral on the RHS of (148) produces a con-
vergent series; and is hence unimportant to the asymp-
totics: the radius of convergence by the ratio test is of
the order the radius of the circle BCD (i.e. larger than P
by construction). The first integral generates the asymp-
totic divergence of the inverse bulk modulus expansion:
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fn → (−1)
n
π
B∫
0
ImF (T )
T n+1
dT as n→∞. (149)
Once a perturbative expansion for the free energy is
known, one can calculate the power series expansion for
the inverse bulk modulus using the thermodynamic rela-
tion
1
K(P )
=
1
PA
(
∂F (−P )
∂P
)
β
(150)
so that
cn+1
cn
=
(n+ 3)fn+3
(n+ 2)fn+2
. (151)
Note that because the saddle point calculation becomes
more and more accurate as T → 0, and because the in-
tegrals in equation (149) are dominated by small T as
n → ∞, using the saddle–point form for the imaginary
part of the free energy yields the correct n→∞ asymp-
totic behavior of the high-order coefficients fn in the free
energy. Following (93) and (141) the imaginary part of
the free energy including the quadratic fluctuations is
given by
ImF (T ) =
2n0
β2Tλ2
(
1− n1n2
2βλαr
)(
2βµλ2
χ+ 1
)1/2
(
32µαr
πT 2(χ+ 1)λ
)n1(
π
A
λ2
)
exp
{ −32βµα2r
πT 2(χ+ 1)
}
(152)
where αr is given by (142). Note that n0, n1, n2 and
αr in (152) are regularization dependent coefficients, by
our calculations in the previous section. From (149) and
(151) we find
cn+1
cn
→ −
(
π(χ+ 1)
32βµα2r
)1/2
(n+ 3)Γ(n/2 + n1 + 2)
(n+ 2)Γ(n/2 + n1 + 3/2)
.
(153)
(In the limit n→∞ (153) is independent of B in (149).)
Using
Γ(n/2 + n1 + 2)
Γ(n/2 + n1 + 3/2)
→
√
n
2
as n→∞ (154)
we conclude from (153) that
cn+1
cn
→ −n1/2
(
π(χ+ 1)
64βµα2r
)1/2
as n→∞. (155)
Equation (155) is a very powerful result: it shows that
apart from the temperature dependent (regularization
dependent) correction to the surface tension (142), the
asymptotic ratio of the high order coefficient of the in-
verse bulk modulus is unchanged by the inclusion of the
quadratic fluctuations (at least for the regularizations we
have tried). One would definitely expect the surface ten-
sion to be regularization dependent: the energy to break
an atomic bond explicitly depends on the ultraviolet
(short scale) physics, which is excluded in the thermody-
namic description of the system. This has analogies with
calculations in field theory, where physical quantities cal-
culated in different regularizations give the same answer
when expressed in terms of the renormalized masses and
charges of the particles [7]. Here only some physical
quantities appear regularization independent.
The analysis that leads to (155) is based on linear elas-
tic theory that is known to predict unphysical singulari-
ties near the crack tips. From [17], the stress tensor com-
ponent σyy, for example, has a square root divergence
σyy ∼ T
√
ℓc
4r
, as r→ 0 (156)
as one approaches the crack tip. One might expect
that the proper non-linear description of the crack tips
changes the asymptotic behavior of the high order elastic
coefficients. We argue here that linear analysis gives how-
ever the correct asymptotic ration (155): the linear elas-
tic behavior dominates the nonlinear asymptotics within
our model.
It is clear that the vital question is how the energy
release of the saddle point (critical) crack is changed by
nonlinear processes (microcracking, emission of disloca-
tions, etc.) in the vicinity of the crack tips as T → 0. Fol-
lowing [26] we distinguish in the crack system two well-
defined zones: the outer zone, consisting of exclusively
linear elastic material, transmits the applied traction to
the inner, crack tip zone where the nonlinear processes
take place (Figure 9). Such separation introduces two
length scales to the problem: rnl and rcross. The first
scale determines the size of the nonlinear process zone
near the crack tips. It can be readily estimated from
(156) by requiring the stresses at the boundary of the
nonlinear zone to be of the order atomic ones σij ∼ Y :
rnl ∼ ℓc
(
T
Y
)2
∼ α
Y
. (157)
The second length scale is a crossover length rcross where
the elastic fields near a crack tip deviate from the inner
zone
√
r strain asymptotics to depend on the outer-zone
boundary conditions (i.e. the length of the crack in our
case). Normally, rcross is only a few times smaller than
the crack length [14], [27] — for the present calculation
we assume rcross ∼ ℓc ∼ Y α/T 2, (82).
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FIG. 9. In the crack system there are two well-defined
zones: the outer zone, consisting of exclusively linear elastic
material, and the inner, crack tip zone where the nonlinear
processes take place. Such separation introduces two length
scales: the first (rnl) determines the size of the nonlinear zone,
and the second (rcross) gives the scale where the elastic fields
near the crack tip deviate from the ones predicted by SSY to
comply with the outer zone boundary conditions.
First, let’s consider the energy in the nonlinear zone.
The saddle point energy is αℓc and diverges as 1/T
2 as
T → 0, while the elastic energy in the nonlinear zone Enl
is bounded by the linear value
Enl ∼
∫ rnl
0
dr rσ2ij(r)/Y ∼ α2/Y. (158)
Since Enl is fixed as T → 0, it renormalizes n0 in (141)
and hence does not affect the asymptotics (155).
Second, we consider how the existence of the inner
(nonlinear) zone changes the energy in the outer (lin-
ear) zone. The elastic equations around the crack tip
allow many solutions [27]; in each, the stresses σij have
the form Cbr
bfb(θ), rnl ≪ r ≪ rcross, in polar coor-
dinates (r, θ) centered at the crack tip, where b is an
half-integer, the Cb are constants, and the fb are known
trigonometric functions. Linear fracture mechanics pre-
dicts b = −1/2 to be the most singular solution (com-
pare with (156)) only because modes with b < −1/2
would give rise to singular displacements at the crack
tip. Incorporation of the nonlinear zone r < rnl however,
removes this constraint. In other words, the nonlinear
zone introduces new boundary conditions for linear elas-
ticity solutions, allowing them to be more singular. The
dominance of b = −1/2 solution is known as small scale
yielding (SSY) approximation. Analyzing the mode III
anti-plane shear fracture, Hui and Ruina argued [28] that
SSY approximation becomes more and more accurate as
ǫ = rnl/rcross → 0. (They expect that the same result
can be extended for mode I fracture.) Clearly, in our
case ǫ → 0 as T → 0; thus the dominant contribution
still comes from b = −1/2 solution. In fact, following
[27] we expect
σij{Cn} = T
(
C−1/2
√
ℓc
r
+
∑
n={···, −7/2, −5/2, −3/2}
Cn
(
r
rnl
)n
+
∑
n={ 1/2, 3/2, 5/2,···}
Cn
(
r
lc
)n)
. (159)
The inelastic stresses at the outer boundary of the non-
linear zone r ∼ rnl are of order Y , thus from (159), for
n < −1/2, Cn = O(ǫ−1/2) (recall that ǫ = rnl/rcross ∼
(T/Y )2). These more singular terms in turn gener-
ate corrections to Cn with n ≥ 1/2 of order O(ǫ).
(One can see this from the fact that the dominant con-
tribution from the more singular terms at r ∼ ℓc is
C−3/2(ℓc/rnl)
−3/2 ∼ ǫ.) The dependence of Cn in (159)
on the polar angle θ is implied.
There is a formal analogy between the arguments pre-
sented here for the stress fields in the crossover zone with
the quantum mechanical problem of the bound states of
the hydrogen atom. When we treat hydrogen nucleus as a
point charge, for each orbital quantum number, the elec-
tron wave function has two solutions near the origin (the
position of the nucleus): one is finite as r → 0 and the
other one is divergent [29,30]. In a point charge problem
one immediately discards the divergent solution because
it can not be normalized and thus can not represent a
bound state. However, in a finite-size nucleus model one
notices that the electron wave function outside the nu-
cleus is a mixture of the finite and the divergent solu-
tions of the point charge problem. The normalization
is resolved because inside the nucleus the electron wave
function satisfies a different equation and becomes finite.
The radius of the nucleus serves as a short-distance cutoff
similar to rnl in the crack problem.
The change in the contribution to the saddle point en-
ergy from the outer zone as a result of the introduction
of the nonlinear zone, δEouter, is given by
δEouter ∼
∫ ℓc
rnl
dr r
σ2ij{Cn} − σ2ij{C linearn }
Y
. (160)
The dominant contribution to (160) comes from the cross
term between n = −1/2 and n = −3/2 corrections in
(159):
δEouter ∼ α
2
Y
ln
T
Y
: (161)
the correction renormalizes the n1 coefficient in the imag-
inary part of the free energy (152) (regularization depen-
dent in a first place), leaving the asymptotic ratio (155)
intact.
It is no surprise that the nonlinear effects do not change
the generic form of the imaginary part (152). The de-
tailed nonlinear description of the crack tips is a specifi-
cation of the ultraviolet (short scale) physics and thus is
nothing but another choice of the regularization. From
our experience with ζ-function and the lattice regulariza-
tions, we naturally expect that this nonlinear regulariza-
tion preserves the form of the imaginary part (152).
21
Finally, let’s consider the enhanced nucleation of sec-
ondary cracks in the high-strain outer-zone region — a
possible cause for breakdown of the “dilute gas” approx-
imation. Inside the nonlinear zone of the saddle point
crack, the critical crack length for a second crack is of
the order α/Y ( from (82) with T ∼ Y ) and thus such
microcracks can be easily created. In fact, the nucleation
of these microcracks may well be the dominant mecha-
nism of the main crack propagation. Micro-crack nucle-
ation in the nonlinear zone will change the stress fields
near the crack tips, but as we discuss above, has little
impact on the saddle point energy (as the total energy in
the nonlinear zone is finite). We show now that such sec-
ondary crack nucleation is exponentially confined to the
nonlinear zone of the main crack. The probabilityW (r0)
of the second crack nucleated somewhere at r > r0 ∼ rnl
(r = 0 corresponds to a crack tip) is given by
W (r0) ∼
+∞∫
r0
rdr
λ2
exp{−βαℓ(r)} (162)
where ℓ(r) is a critical crack length at distance r from
the tip of the critical crack. From (82) with T replaced
with the stress field near the crack tip given by (156), we
find
ℓ(r) ∼ αY
σij(r)
2 ∼ r (163)
(162) with (163) gives
W (r0) ∼
+∞∫
r0
rdr
λ2
exp{−βαr} = 1 + βαr0
(βαλ)
2 exp{−βαr0}
(164)
The exponential dependence of W (r0) on the boundary
of the nonlinear zone r0 ∼ rnl in equation (164) means
that the nucleation of another crack (in addition to the
saddle point one) is exponentially confined to the nonlin-
ear zone, justifying the dilute gas approximation.
VII. OTHER GEOMETRIES, STRESSES, AND
FRACTURE MECHANISMS
In this section we discuss generalizations of our model,
more exactly its simplified version without the quadratic
fluctuations. We will do five things. In (A) we calcu-
late the imaginary part of the free energy for arbitrary
uniform loading and find the high-order nonlinear cor-
rections to Young’s modulus. We discuss the effects of
dislocations and vacancy clusters (voids) in (B) and (C).
Part (D) deals with three dimensional fracture through
the nucleation of penny-shaped cracks: we calculate the
imaginary part of the free energy and the asymptotic ra-
tio of the successive coefficients of the inverse bulk modu-
lus. Finally, in (E) we consider a non-perturbative effect:
the vapor pressure of a solid gas of bits fractured from
the crack surfaces, and show how it affects the saddle
point calculation.
A. Anisotropic uniform stress and the high order
corrections to Young’s modulus.
We calculated the essential singularity of the free en-
ergy at zero tension only for uniform isotropic loads
at infinity. Within the approximation of ignoring the
quadratic fluctuations, we can easily generalize to any
uniform loading. In general, consider an infinite elastic
material subject to a uniform asymptotic tension with
σyy = T , σxx = ǫT (0 ≤ ǫ < 1) and σxy = 0. Using the
strain-stress analysis of [17] and following (20)-(21), we
find the energy Erelease, released from the creation of the
straight cut of length ℓ tilted by angle θ from the x axis
Erelease =
πT 2ℓ2(1 + χ)
64µ
[
(1 + ǫ) + (1 − ǫ) cos 2θ
]
. (165)
(The isotropic result (2) is restored for ǫ = 1.) The new
important feature that comes into play is that the crack
rotation ceased to be a zero-restoring-force mode. Treat-
ing the crack rotation to quadratic order in θ from the
saddle point value θ = 0, we obtain the total energy of
the crack E(∆ℓ, θ) similar to (81-83), (86)
E(∆ℓ, θ) = αℓc − α∆ℓ
2
ℓc
+ αℓc(1− ǫ)θ2. (166)
As before, ∆ℓ is the deviation of the crack length from the
saddle point value ℓc, still given by (82). Following (88)-
(92), the imaginary part of the free energy for a dilute
gas of straight cuts, excluding all quadratic fluctuations
except for the uniform contraction-expansion (mode ∆ℓ)
and the rotation (mode θ) of the critical droplet, is given
by
ImF simple(T, ǫ) = ± π
2β2αλ
(
A
λ2
)(
1
1− ǫ
)1/2
exp
{ −32βµα2
πT 2(χ+ 1)
}
. (167)
One immediately notices an intriguing fact: the ǫ-
dependence of the imaginary part is only in the prefactor,
which, as we already know is regularization dependent
anyway. In particular, the latter means that the inverse
Young’s modulus — the elastic coefficient corresponding
to the transition with path ǫ = 0 — will have the same
asymptotic behavior as that of the inverse bulk modu-
lus (155): the asymptotic ratio of the high-order elastic
coefficients of the inverse Young’s modulus Y (P )
1
Y (P )
= − 1
A
(
∂A
∂P
)
β
= Y0 + Y1P · · ·+ YnPn + · · · (168)
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(P in (168) is a uniaxial compression) are given by
Yn+1
Yn
→ −n1/2
(
π(χ+ 1)
64βµα2
)1/2
as n→∞. (169)
B. Dislocations
We have forbidden dislocation nucleation and plastic
flow in our model. Dislocation emission is crucial for
ductile fracture, but by restricting ourselves to a brittle
fracture of defect–free materials we have escaped many
complications. Dislocations are in principle important:
the nucleation [31] barrier Edis for two edge dislocations
in an isotropic linear–elastic material under a uniform
tension T with equal and opposite Burger’s vectors ~b is
Edis =
Y b2
4π(1− σ2) ln
Y
T
+ E0 (170)
where E0 is a T independent part that includes the dislo-
cation core energy. The fact that Edis grows like 1/ lnT
as T → 0 (much more slowly than the corresponding bar-
rier for cracks) tells that in more realistic models disloca-
tions and the resulting plastic flow [32] cannot be ignored.
While dislocations may not themselves lead to a catas-
trophic instability in the theory (and thus to an imagi-
nary part in the free energy?), they will strongly affect
the dynamics of crack nucleation (e.g., crack nucleation
on grain boundaries and dislocation tangles) [14,26].
C. Vacancy clusters
We ignore void formation. It would seem natural to
associate the negative pressure (tension) (−T ) times the
unit cell size with the chemical potential µ of a vacancy.
At negative chemical potentials, the dominant fracture
mechanism becomes the nucleation of vacancy clusters
or voids (rather than Griffith-type microcracks), as noted
by Golubovic´ and collaborators [33]. If we identify the
chemical potential of a vacancy with −T , we find the
total energy of creation a circular vacancy of radius R,
Evac(R), to be
Evac(R) = 2πRα− TπR2. (171)
From (171) the radius of the critical vacancy is Rc = α/T
and its energy is given by Evac(Rc) = πα
2/T . A saddle
point is a circular void because a circular void gains the
most energy (∼ area of the void) for a given perimeter
length. In principle, the exact shape of the critical cluster
is also affected by the elastic energy release. The latter,
however,
Erelease(Rc) =
πT 2R2c(3χ+ 1)
8µ
=
πα2(3χ+ 1)
8µ
(172)
is fixed as T → 0, and thus the energy of the vacancy is
dominated by Evac(Rc) for small T . (To obtain (172) we
used the strain-stress analysis of [17] and expression (21)
for the energy release.) Using the framework developed
for the crack nucleation, we find that in case of voids
(again, ignoring the positive frequency quadratic fluctu-
ations) the imaginary part of the free energy is given by
ImF simplevacancy(T ) = ±
1
2β
(
A
λ2
)(
1
βTλ2
)1/2
exp
{−πβα2
T
}
.
(173)
(The special feature of the calculation (173) is that trans-
lations are the only zero modes: the rotation of a circu-
lar vacancy cluster does not represent a new state of the
system.) From (173) we obtain following (148) and (151)
the asymptotic ratio of the high-order coefficients of the
inverse bulk modulus
cn+1
cn
→ − n
πβα2
. (174)
The divergence of the inverse bulk modulus is much
stronger in this case: the high-order coefficients grow as
cn ∼ n!, rather than as (n/2)! (for the fracture through
the crack nucleation).
Whether (174) is a realistic result is an open ques-
tion. Fracture through vacancy cluster nucleation is an
unlikely mechanism for highly brittle materials: the iden-
tification of µ with (−T ) demands a mechanism for re-
lieving elastic tension by the creation of vacancies. The
only bulk mechanism for vacancy formation is dislocation
climb, which must be excluded from consideration — the
dislocations in highly brittle materials are immobile [26].
Vacancy clusters might be important for the fracture of
ductile (non-brittle) materials. However, the nucleation
of vacancies must be considered in parallel with the nu-
cleation of dislocations. Because at small T dislocations
are nucleated much more easily (170) than vacancy clus-
ters at low stresses, the dominant bulk mode of failure
is much more likely to be crack nucleation at a disloca-
tion tangle or grain boundary — as indeed is observed in
practice.
D. Three dimensional fracture
Our theory can be extended to describe a three dimen-
sional fracture transition as well. Studying elliptical cuts,
Sih and Liebowitz [11] found that a penny-shaped cut in
a three-dimensional elastic media subject to a uniform
isotropic tension T relieves the most elastic energy for
a given area of the cut. The energy to create a penny-
shaped cut of radius R, Epenny(R), is given by [11]
Epenny(R) = 2παR
2 − 4(1− σ)R
3T 2
3µ
. (175)
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The zero modes contribute in this case a factor 2πV/λ3
— 2π coming from the distinct rotations of the cut, and
V/λ3 coming from the translations of the cut. Here we
find the imaginary part of the free energy to be
ImF simplepenny (T ) = ±
1
2β
(
2π
V
λ3
)(
1
2βαλ2
)1/2
exp
{−2βµ2π3α2
3(1− σ)2T 4
}
(176)
and the asymptotic ratio of the high-order elastic coeffi-
cients of the inverse bulk modulus
cn+1
cn
→ −
(
3(1− σ)2
2βµ2π3α2
)1/4(
n
4
)1/4
. (177)
E. Vapor pressure
The approach we used to calculate the imaginary part
of the free energy is a perturbative one. In a sense, noth-
ing prohibits us from considering cubic, quartic, etc. de-
viations from the saddle point energy. In fact, it is possi-
ble to develop an analog of Feynman diagram technique
(as in quantum electrodynamics [29] or quantum field
theory [7]) and calculate the contribution to the imagi-
nary part to any finite order. It is important to realize
that even if we did this, the result would still be incom-
plete: we would miss interesting and important physics
coming from nonperturbative effects. Here we discuss one
such nonperturbative effect, namely the “vapor” pressure
of a solid gas of bits fractured from the crack surface. We
find that including the vapor pressure, the essential sin-
gularity shifts from T = 0 to T = −Pvapor. Consider
a dilute gas of straight cuts of arbitrary length with an
elliptical opening (mode v1 in (74)) and a solid gas of
fractured bits from the crack surface. Following [13], the
partition function of the material with one cut Z1 under
a uniform isotropic tension T is
Z1 = Z0
(
π
A
λ2
)∫ ∞
0
dℓ
λ
∫ ∞
0
dv1
λ
exp
{
−β
(
2αℓ (178)
+
2πµ
χ+ 1
v21 −
πT ℓ
2
v1
)}
Zgas(ℓ, v1),
where Zgas(ℓ, v1) is the partition function of the gas of
fractured bits inside the crack of area πℓv1/2. It costs
2αλ to fracture one bit of size λ × λ from a crack step,
so in an ideal gas approximation, the partition function
of the gas is determined by
Zgas(ℓ, v1) =
∞∑
n=0
exp(−2βαλN)
(
πℓv1
2λ2
)N
1
N !
(179)
= exp
{
πℓv1
2λ2
exp(−2βαλ)
}
.
From (178) and (179) it follows that the partition func-
tion of the gas effectively increases the tension T by the
vapor pressure Pvapor, T → T + Pvapor, where
Pvapor =
1
βλ2
exp(−2βαλ). (180)
In particular, the essential singularity of the free energy
shifts from zero tension to minus the “vapor” pressure.
This shift is clearly a nonperturbative effect. We were
able to describe it only by allowing topologically differ-
ent excitations in the system: a state of the elastic ma-
terial with a bit completely detached from the crack sur-
face may not be obtained by the continuous deformation
of the crack surface (surface phonons) or the cut shape
(curvy cuts). At zero external pressure, our material is in
the gas (fractured) phase — not until Pvapor is the solid
stable.
VIII. SUMMARY
In this paper we studied the stress-induced phase tran-
sition of elastic materials under external stress: an elas-
tic compression “phase” under positive pressure goes to
a fractured “phase” under tension. We showed that in
a properly formulated thermodynamic limit, the free en-
ergy of an infinite elastic material with holes of prede-
termined shapes is independent of the shape of the outer
boundary as the latter goes to infinity. Under a stretch-
ing load the free energy develops an imaginary part with
an essential singularity at vanishing tension. To calcu-
late the essential singularity of the free energy including
quadratic fluctuations we determined the spectrum and
normal modes of surface fluctuations of a straight cut,
and proved that under the uniform isotropic tension a
curvy cut releases the same elastic energy (to cubic or-
der) as the straight one with the same end-points. The
imaginary part of the free energy determines the asymp-
totic behavior of the high-order nonlinear correction to
the inverse bulk modulus [13]. We find that although the
prefactor and the renormalization of the surface tension
are both regularization dependent (once we include the
quadratic fluctuations), the asymptotic ratio of the high-
order successive coefficients of the inverse bulk modulus
apparently is a regularization-independent result.
Within our model, the asymptotic ratio is unchanged
by the inclusion of the nonlinear effects near the crack
tips. We generalize the simplified model (without the
quadratic fluctuations) to anisotropic uniform strain and
calculated the asymptotic behavior of the high order non-
linear coefficients of the inverse Young’s modulus. We
computed the imaginary part of the free energy (and the
corresponding divergence of the high-order coefficients of
the inverse bulk modulus) for the fracture mechanism
through void nucleation which dominates at small exter-
nal pressures: we argue that it may not occur in brittle
fracture and should be preempted by dislocation motion
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in ductile fracture. We find that the simplified model ap-
plied to three-dimensional fracture predicts a (n/4)! di-
vergence of the nonlinear coefficients of the inverse bulk
modulus.
Our results can be viewed as a straightforward exten-
sion to the solid-gas sublimation point of Langer [18,19]
and Fisher’s [3] theory of the essential singularities at
the liquid-gas transition. Indeed, if we allow for vapor
pressure in our model, then our system will be in the
gas phase at P = 0, as noted in section VII(E). The es-
sential singularity we calculate shifts from P = 0 to the
vapor pressure. If we measure the nonlinear bulk modu-
lus as an expansion about (say) atmospheric pressure, it
should converge — but the radius of convergence would
be bounded by the difference between the point of ex-
pansion and the vapor pressure.
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